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ABSTRACT ity must not fall if a certain system performance has to be

This work establishes bounds on the computational conple ff\chieved. The aim of this_work Is to detgrming upper and lower
of list MIMO detectors. Specifically, upper and lower boundtoorl;nfhzgéhrzsﬂgp:rfuzg?l IC g?g:ié'rt};cf)g:'sst th:al\:lno di(;[eﬁ-
are introduced, where computational complexity is meaksire ' u usetu el Y 9

terms of the number of branch metric computations perform%ﬁemng to assess whether there is room for a further resuct

during detection. The lower complexity bound correspom;ds'tn the complexity of a list MIMO detection algorithm, if a cer

a “genie tree search detector” while the upper bound is detEarIn performance target has to be met.

mined using the list sequential detector. For illustrati@sults ¢ Tg_e remlalnqtﬁr of th:s p:;per [[S organd|zcle<_j aSs fct>_llow”s: Saf—
are provided for several MIMO setups. er discussing the employed system model in Section Il, Sec-

tion 1l details relevant fundamentals of MIMO detection.
Section IV provides boundary conditions on the computation
complexity of list MIMO detection. In Section V we provide

An ideal communications receiver would enable Capaci[yjmerical results for these bounds for various MIMO setups.
achieving performance whilst requiring a negligible amtonfn Finally, conclusions are drawn in Section VI.

computational complexity. Such a receiver is, of course, im

possible to realize. Yet, there has been steady improvement [l SYSTEM MODEL

in the performance achieved by multiple-input multiplepu
MIMO) detectors for a given computational complexity. Nu-"" X L A
$ner0us) approaches nO\?v exist forginding close-tg-opti);nal Joit _stratggy as depicted in .F'g' 1: the vectoof ""d.' mfor;
lutions to the MIMO detection problem at acceptable compleg]at'on bits is encoded and interleaved. The resulting cbied

ity. Many of these schemes reformulate the detection task jpream is partitioned into bloclksof N - L bits and mapped
g, &Qto a vector symbat € X whose components are taken from

me complex constellatiah (e.g. Gray mapped 64-QAM).

ere, L denotes the number of bits per complex symbol, re-
gulting ing = |C| = 2T different constellation points. We
nsider transmission over a flat fading channel.

| INTRODUCTION

Consider anVy x Ng MIMO system based on a BICM trans-

tain metric have to be found. When more than one leaf no
is maintained at the output of the tree search stage, the-de
tor is called a list detector. One main attraction of such li
MIMO detection schemes (e.g. [1-3]) is that, by choosing e
list size appropriately, they allow a flexible adjustmentef

tection complexity subject to given performance requiretae —>| Encoder I—e—'| I1 |—°

The computational complexity of list MIMO detection can Rate R Interleaver .
point operations, silicon area, or amenability to paredéion. ot Decision AN —n>@® @
Yet, most of these figures of merit depend on the specific targes, = T v
architecture — e.g. fixed vs. floating point operation, AS{C v? Sl HJL_ Decoder LL
metric [4-6], this work uses the number of branch metric com- Lwech
putations as the measure of computational complexity. This
figure corresponds to an upper bound on the number of vis-Figure 1: System model using a BICM transmit strategy.
ing the corresponding branch metric. We deem the number ofn the equivalent discrete-time base-band model, the re-
branch metric computations the more useful metric as itstakgsived signal is given by:
the overhead due to discarded nodes into account (e.g. &se on

In recent years, it has become steadily more difficult to
achieve further reductions in the complexity of list MIMOwhereH ¢ CN#*N7 js the channel transfer matrix which
detectors. This evidently raises the question, whetheresois assumed to be perfectly known at the receiver. The en-

be measured in many ways, e.g. using the number of floating :

FPGA, etc. As a well accepted, relatively architectureestjn

ited nodes, since visiting a node in the tree requires cateul

dropped after sorting in M-Algorithm based tree search). y=Hx+n Q)
fundamental limits exist, under which the detection completries of H are realizations of zero mean i.i.d. complex
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Gaussian random processes of variahogassive subchan-which are referred to asranch metricsand given by
nels). The average transmit energy is normalized such that N .
E{xx"} = E;/Nr 1. The vectom € CN=*! represents the 1. N R
receiver noise whose components are zero mean i.i.d. cample®i = A Z riadi| ) WP (e =¢x), (4)
Gaussian random variables with variaiég/2 per real dimen- = k=1

ion: HY — i -to-noi i . .
S|on._€{nn } = NOI. The s!gnal to-noise ratio (SNR) at eachy .., § = QMy. The detector starts in layer = Ny and
receive antenna is hence given by SNRE /No. works its way up until layerj = 1 is reached. At each layer
J, there areg possible choices for the signal component

The detection process can hence be interpreted as a search fo

[l FUNDAMENTALS leaf nodes in a tree structure. Different types of tree $earc
based detectors can be implemented by using#tle metrics
LA Soft-Output Detection Zf\f] A; (with j as the current layer index) to control which

tree nodes are added to the working stack and in which order.
The task of the detector in Fig. 1 is to determine the a pos-Since most list MIMO detection algorithms can be stated
teriori probability for each of the code bits,; in x, where a5 a tree search problem, comparing the complexity of such
m € {1,..., Nr} is the symbol index, antle {1,..., L} the schemes using a tree search based complexity metric is-a logi
bit index in them-th symbol. Since we are dealing with bi-ca| undertaking. A common complexity metric for tree search
nary numbers, this information is conveniently expresedté schemes is the number of branch metric computations per-
form of log-likelihood ratios (LLRs): formed during detection [5, 6], here denoted.as

In [6] it was shown that for the specific — but from an im-

L(emaly) :=In Plem = +1]y] ) plementation perspective attractive — case of fixed-coxitple

" Plem, = —1ly] breadth-first MIMO detection algorithms, this figure, foeth

” H4 H2 Ny L complex-valued channel model, can be expressed as:
— v — H% R

~ max —hy = 2 N + Z Z InP(cjr =¢k) N

REX 0 =1 k=1 B

n= Z (Cim1b; + Siki), (5)

— max M'F%ilnp(c'k:é‘k) =

xex Ny 1 » J’ " whereb; represents the number of children extended from each

3) parent at theth layer in the tree, anl; determines whether or
not to perform parallel smart candidate adding (PSCA) [8] at

where the second line follows from the application of thtehezth layer in the detection tree. The total number of branch

MaxLog-approximation, Here’Xﬂl denotes the set of metrlc computa}tlon:ﬂ is a function of.the number of nodes
™ retained for a given layer in the detection tge

2Nr-L=1 symbolsk € X for which¢,,; = +1, andx de-
notes a certain hypothesis on the vector transmit sequence 1 i=0
with & as the corresponding vector of code bits. Using the ¢ min (§;—1b; + Siki, M) >0 ©)

MaxLog-approximation is widely accepted because of its rel

atively small performance loss and accompanying large cowhere M; represents the number of nodes retained atitiine

plexity savings [1, 7]. Evaluating (3) by a brute-force aggech  layer in the detection tree, ang denotes the number of branch

(MaxLogAPP detection) is well known to require an efforfnetrics calculated as part of the smart candidate addiryat |

growing exponentially in the number of transmitted bits per ~; is given by:

vector symbol. However, only a few hypotheses’dﬁll ac-

tually maximize each of the respective terms in (3). Several Ki = max (L —2(v/b; — 1), 0) : (7)

close-to-optimal detection strategies therefore constisub-

set listL C X of size|£| from which LLRs are determined. when itis assumed tha is the square of an integer. The final
list size is|L| = (.-

Tree search based MIMO detection techniques constfuctThe list-sequential detector (LISS) [3] is an extensiontaf t
using a back-substitution approach. After an orthogonatack algorithm to the soft output case, by consideringizts
triangular decomposition of the channel matrix, &= QR, larger than oné,| > 1. It keeps track of several paths simul-
the LLRs can be determined using the per-antenna metrieindaneously during the tree search, storing them in an ordered
mentsA ;: list, referred to as thetack The paths in the stack are ordered
according to the current path metrics, where paths withelarg
metrics are ordered to the top of the stack. The search tree
{ } is constructed by always extending the path which currently

Nt
L(cm,ly) = max ZAJ —  max
i=1 has the largest metric and has not yet reached full length. Th

xeLnxtl xeLnx)
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search is stopped once a predefined number of full lengttspathetric computations to achieve the same performance as the
have reached the top of the stack. LISS. Itis thus reasonable to use the complexity of the LISS a
It was shown in [4] that under certain conditidriee LISS an upper limit on what effort should be spent by a list detecto
using a largest branch metric first (“Schnorr-Euchner” J10jn order to achieve a certain performance.
enumeration strategy computes the fewest branch metrics reHowever, the complexity of the LISS is obviously a random
quired to ensure that the constructed isis optimal in the variable. Evaluating the mean of this random variable is onl
sense that it contains th&| hypotheses for the transmit se-a meaningful figure of merit if the detection delay is allowed
guence whose associated metrics are larger than those of tartgnd to infinity. This will evidently not be the case in prac
other hypotheses not containeddn For the case where thetice, where hardware has to be designed to accommodate the
LISS detector is without a priori knowledge, it thus finds theorst case detection complexity and still meet delay reguir
|£] lattice points closest tg at a minimum detection effort ments. Unfortunately, the worst case complexity of the LISS
amongst all tree search schemes. is equivalent to that of the brute force MaxLogAPP detector.
However, this worst case occurs only in a marginal number of
cases. A much more meaningful upper bound on complexity

IV COMPUTATIONAL COMPLEXITY can be established by allowing the LISS, in a certain fractio
of the cases, to stop the tree search before the optimum solu-
IV.A° Computational Complexity Bounds tion is found. Provided the number of errors additionally in

troduced by this limitation is small compared to the number o

Lower Bound: A lower bound on the computational complex€rrors produced by the optimal detector, this can be exgecte
ity of tree search detection schemes can be derived by céhresultin a negligible performance loss. This has been con
sidering agenie tree search detectofor a given list size£|, firmed by the results from [4, 8]. With raw input error rates of
this detector generates exact§| leaf nodes which can then10% and above for state-of-the-art error correction coos (
be used in the calculation of the LLRs based on the MaxLog/2 and below), a fraction of 1% of prematurely stopped tree
approximation. It furthermore prunes all nodes from the tré€arches appears acceptable. We therefore ele6btheper-
which are not needed to reach these leaf nodes, and thus &tile metric on the number of branch metric computatiens a
structs theminimum spanning trefor the considered list size the1% upper boundn computational complexity.

|£]. It thus provides a lower bound on computational complex-

ity by performing the minimum number of branch metric com- ) .

putations required to generate a list of given length unier t B~ Other Relevant Computational Complexities

MaxLog-approximation. We therefore also refer to this lowe ) » )
bound as the minimum spanning tree bound. We now present other computational complexities which do no

As an example of the minimum spanning tree bound cofErve as bounds, but are relevant in the context of list MIMO

sider a list of lengtt2, where the leaf nodes used for LLR cgldetection. These complexities are all based on the gerge tre
culation are assumed to be “siblings” of each other at thé firgarch detector.

layer in the detection tree. For this case, the minimum sipgnn _ _
tree corresponds 4o = (N7 — 1) + 2 = Ny + 1 branch met- Genie MaxLogAPP Complexity: The number of leaf nodes

fic computations. Note, however, that the performance o suréduired to compute the soft-output for MaxLogAPP detectio
a scheme would evidently suffer relative to an algorithm-geffinges from a minimum df, in the case where for all bit posi-
erating the|£| nodes with largest metrics (as for example th#oNS the same candidate vector is used to provide the ceunte

LISS). The minimum spanning tree bound is easily extendedfgPothesis to the JML decision, to a maximum6f L + 1, in
list lengths greater than two. the case where for each bit position a different leaf node pro

vides the counter-hypothesis. In the former case, whicki-is e
idently rather unlikely, at leagt = 2N branch metrics must

%é computed. We will refer to this complexity as the “genie

tional cf‘omplexit.y of list MIMO detection, we use t.he LISS alci/laxLogAPP best case” computational complexity. The “genie
apractical algorithm for finding thelM leaf nodes with largest MaxLogAPP worst case” computational complexity is found

metrics. The LISS computes tmeinimumnumber of branch L . .
. . o . .by considering the spanning tree for the case where eacb-bit p
metrics required to fulfil this task [4] provided that no geni”’. . ; .
) : . sition requires a unique leaf node as the best counter-hgpist
knowledge is available — thus the contrast to the genie lower ) ; : .
. : . tp the JML estimate. The resulting computational compjexit
bound. If the number of branch metric computations is the s . Lo )
. - ar.the genie MaxLogAPP worst case is given by:
measure of complexity (and storage and sorting overhead of
the LISS are cast aside), it would evidently make no sense to Nr(Nyp+1)L

employ any other tree search algorithm requiring more branc p= N+ - 5 (8)

Upper Bound: To establish an upper bound on the comput

1Assuming infinite storage for the stack, and using no bian(jth term”) Note that the complexity figure given by (8) is exactly the

on the branch metrics. The proof from [4] thus generalizessalt from [9] : : AL
which only treated the special case whefé = 1 and no a priori knowledge same as that of the PSCA algorlthm [8] with parameteriza

is available. Note that only tree search algorithms not ngikise of metric tion M = oo, b = [L..1] andS = [1..1] [6] In fact, the
prediction techniques were considered in this analysis. PSCA generates a tree of the form just described to ensure tha
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a counter-hypothesis is found for all detected bits. Howeve | M | 2 | 4 | 8 | 16 | 64 |
its performance is inferior to that of the MaxLogAPP detecto 4-OAM 3 135415 -
This is due to the fact the leaf nodes generated by the PSCA are 64-OAM | 2.5 3 27516

not necessarily the ones with maximum metric under the given

constraint on the value of a certain bit — like all other bthad Tgple 1: Fixed LLR clipping leveld.qip determined in [4] for

first tree search algorithms, itis prone to error propagétiom 3 spatially and temporally i.i.d. fadingx 4 MIMO channel.
early detected layers.

Genie LISS Complexity: The minimum spanning tree lower 10
bound can be expected to be rather loose, since the gel
ated leaf nodes are not necessarily optimal in the MaxLogAl
sense. In order to obtain a tighter bound for algorithms twhic e
generate thgL| leaf nodes with largest metrics — and thu<, . \\\‘ |
achieve the same performance as the LISS — we apply the i 2 . ‘

of a genie detector to the list generated by the LISS. Thisige § : ‘

LISS” detector calculates only those metrics which are sieceg  [SenieMaxioghFp WorstiCase

I£| = 16

g oo
sary to generate the spanning tree to the subset of leaf fiade: *:¢ !
the list generated by the LISS) which are actually used in ti810' enie warogsppestcase "= #=we T
LLR calculation. Again, the mean and thgth percentile met- & T - B4
ric will be evaluated, although these figures of merit are na e B ean
computed based on the spanning tree. T Genle LISS: o0ih Percentie
" —&—Upper Bound (1%LISS) _ 1 ‘ ‘ ‘ ‘ l
We conclude this section by observing that the lower bour ~ * 2 /N [dB] Required for BER 005 54 56

and the Genie MaxLogAPP bounds can be found analytically,
while the1% upper bound and the genie LISS bounds must iségure 2: Complexity Bounds fot x 4 MIMO in Rayleigh
found via simulation. fading usingt-QAM transmission and ZF-SQRD equalization.

The choice of the coding scheme is relevant to the overall
V  RESULTS system performance in MIMO detection. If near-capacity per
yrmance is desired then the channel code has to be designed
j fit the EXIT characteristic of the detector [11], and ik
iterations between the detector and decoder are required. |
this work we use the aforementioned system setup for ease of
comparison with previous works, e.g. [1,5, 6].

For simulation we use a setup equivalent to the one in [{
transmission occurs over a spatially and temporally ifadi-
ing 4 x 4 MIMO channel usingd-QAM and 64-QAM mod-
ulation alphabets. The information block size (includiad t

bits) is 9216 bits, using arate 1/2 PCCC basedion 5) con- Fig. 2 depicts the complexity bounds outlined in the presiou

volutional codes f(_)r channel coding an_d 8 |nternal_|te@|o section for al x 4 MIMO channel with4-QAM transmission
of logMAP decoding. The LLR magnitudes for bits with-"". . ) . : .
ing the simulation setup just described, where equadizé

out counter-hypothesis were set to the values found in Tage . "
1 (‘LLR cIippi);pg“ [2]) for the 4 x 4 MIMO setup with 4- performed using the ZF sorted QR decomposition (SQRD) [12]

QAM and64-QAM transmission. Justification and the originagg::irr']ng gg%p;{gof?aﬁﬁee Iljwrggflig:sdlgii tthiusr\'?eR (;igt(;;ree(;j 0
derivation for these clipping levels can be found in [4]. ' piexity '

As a reference on performance. so that the com IeXwith diamond markers, is the minimum spanning tree bound.
P ' P Wle highest complexity curve, denoted with a solid curve and

bgg?ﬁ: 2::2?&:2“2‘;?;;2?;??2 ?gtp&?a%egé?ei?grtexﬁ’.%ﬁward facing triangular markers, is th& upper bound based
u P ! WG the LISS. The average LISS complexity is also shown, us-

finds thel/ = |£| leaf nodes with largest metritamong all ing a dark dashed curve with square markers. Other refer-

hypotheses it', and employs (3) to calculate the LLRs USING 1 ces for the computational complexity shown are the bekt an

the MaxLog-approximation, i.e. a MaxLogAPP list detector . :
ith list size M. The resultant error rate performance is e worst case genie MaxLog detector, as well as the genie LISS
WIth ISt Siz : u P ! V'complexity (mean and% upper bound). The best case genie

?setnsﬂ'yesleg(;qtoﬁ ggig;gteggr?;ﬁ;up, modulation alpha%axLog computational complexity for the given configuratio
ISt Slz ploy N9 ' is » = 8 and the worst case js = 24.

2An open problem concerns the optimal list to be found by adigector. ) As becomes_ clear f_rom the flgure, the. variance in complex-
Specifically, the authors conjecture that for a given lisighr || < |x|, ity of the LISS is relatively small — there is roughly a factdr
choosing the list which maximizes the mutual informationvizen channel 2 petween the average and @&h percentile of the complex-
input an_d detector output will y|e_|d better performancentliaze one which is ity. This is consistent with the results from [4]. Note, hoeg
optimal in terms of largest metrics, due to the problem ofsinig counter- . . .
hypotheses for some bits. Unfortunately, so far no resuist en how this that for a list size ofl6, the 1% upper bound is already around

optimal list might be characterized and accordingly geteera u =~ 150 branch metric computations — ab@3 of the brute
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Figure 4: Complexity Bounds fot x 4 MIMO in Rayleigh

Figure 3: Complexity Bounds fot x 4 MIMO in Rayleigh . . C
fading using4-QAM transmission and MMSE-SQRD equal—.fadmg using64-QAM transmission and MMSE-SQRD equal-

o ization.
ization.

S ) all detected bits. This constitutes an interesting patfifidher
force MaxLogAPP detector. Considering the relative Compleinvestigations into more efficient detection schemes.

?ty of the practical LISS algorithm and the genie LISS, there In order to assess the complexity of tree search algorithms

l:soilnfalg(ci)tr Oi];aé\cl);lzgé dbe;ﬁge;r;ﬁeﬁ;ﬁotﬁssl? ng;gtacv;srzg\%hich are attractive for implementation, Fig. 4 also shows
piexity | . ' 0 ) .two fixed complexity algorithms: the parallel smart candida

complexity is considered to be the most relevant demgm-cntadding (PSCA) algorithm with complexity equal to the worst

rion. If a variable com.plexny of detectlor_w Is acceptables t case genie MaxLogAPP detector (i.e. PSCA parameterization
room for improvement in terms of the available c:omputatlonﬁ/I — o0, b = [1..1] andS = [1..1] [6]) and the M Algorithm

complexity is thus limited, at least for the considereddtigely [2, 6] with parameterization/ = b — 4,8, 16. This lowest

small) problem size. complexity parameterization of the PSCA algorithm is withi
Using MMSE preprocessing is a well known concept to engp of MaxLogAPP performance, atfixed detection com-
hance the performance-complexity trade-off. Fig. 3 depigexity of ;, = 64 branch metric computations. The M algo-
results for the same system configuration as Fig. 2, excehm with M = b — 4 is slightly less complex than the given
that now MMSE-SQRD preprocessing is employed. The lowpiscA algorithm, but its performance is more tieaB worse
bound does not change, but the upper bound changes sigifn that of MaxLogAPP. The M algorithm withl = b = 16
icantly. Additionally, the genie MaxLogAPP computationaherforms).1 dB better than the given PSCA parameterization,
complexities do not change, but the complexity of the genigt its complexity is over2 times that of the PSCA. Note
LISS, like the realizable LISS, undergoes a reduction in thgat thegoth percentile of the genie LISS, which can be con-
computational complexity due to the improved ordering. Thgdered the relevant complexity measure for the best plessib
impact of the MMSE-SQRD ordering is even more substafixed complexity scheme, is at roughg branch metric com-
tial for tree search schemes with higher variability in détn  pytations for the performance corresponding to the PSCA. Fo
complexity than the LISS, such as the sphere decoder, anqf@f considered system setup, the employed PSCA configura-
for larger problem sizes [4], which we consider now. tion is thus, in terms of complexity, only a factor of two away
Fig. 4 depicts the complexity bounds outlined in the presiodrom this very optimistic best case complexity metric. lbakd
section for the case df4-QAM transmission using MMSE- also be emphasized that the complexity of the PSCA is below
SQRD equalization. At this larger problem size, the differe the averagecomplexity of the LISS, whilst requiring almost
between the genie based LISS and the upper bound (i.e. m@bkorting overhead and having substantially lower storage
LISS) become more evident — at a list size6df there is a quirements. This indicates that the optimization criteraf
factor of aroundl0 between the two cases, for th& bound the PSCA — ensuring the availability of counter-hypotheses
on computational complexity. Also, the best case complexinight be more suitable to achieve good performance, than an
of the genie MaxLogAPP detector remains unchanged=at optimization solely based on the metrics of the leaf nodegeN
8 while the worst case grows, due to the constellation growtiso the contrast to the M algorithm, which has consistently
to u = 64. As can also be seen, the average number of brarfigher complexity than the average complexity of the LISS,
metrics computed for the LISS spanning tree is roughly afactand even beyond the 1% worst case complexity of the LISS,
2 below the MaxLogAPP upper bound — some complexity cdar list sizes of8 and above. It is thus mainly attractive due
evidently be saved by not generating counter-hypotheges tmpractical implementation considerations such as memsory
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quirements and control overhead. Additional information o REFERENCES
the placement of state-of-the-art fixed complexity breduttt
list MIMO detection algorithms in the context of comparing
performance and complexity can be found in [6].

Finally, Fig. 5 depicts a histogram for the number of nodes
in the spanning tree of the genie LISS detector, for varig@iis  [2] Y. de Jong and T. Willink, “Iterative tree search detec-
The data set from which this histogram was constructed were tion for MIMO wireless systemsJEEE Transactions on
used to produce the LISS bounds (mean and 99th percentile) in  Communicationsvol. 53, pp. 930-935, Jun. 2005.

Fig. 4. The lower bound fof£| = 2 and the genie MaxLo- ) )

gAPP worst case are shown as reference. Interestinglyishe d[3] J. Hagenauer and C. Kuhn, “The List-Sequential (LISS)
tribution of nodes appears to converge to a Gaussian distrib ~ algorithm and its application,IEEE Transactions on
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design of even more efficient tree search schemes constitutﬁ]
an interesting path for further research.
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