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Abstract

We consider the robust stability of time-varying linear systems subject to structured time-varying uncertainty. We
provide an alternate proof of the result that robust stability holds if and only if a scaled small-gain condition holds
asymptotically. The new proof employs an extension of the so-called S-procedure losslessness theorem to time-varying

quadratic forms which is of independent interest.
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1. Introduction

Many feedback systems with uncertain compo-
nents may be transformed to the block diagram of
Figure 1 (cf. [2]). In this figure, the block M repres-
ents a known stable linear system, and the block 4
represents an unknown stable linear system which
belongs to a certain family of systems with a known
structure and norm bound (cf. [1] and references
therein).

In this paper, we consider the case of a stable
linear system, M, subject to a class of stable linear
time-varying perturbations, A. In case M is time
invariant, [4] shows that robust stability holds if
and only if M satisfies a scaled small-gain condi-
tion. The main tool in [4] is a so-called S-procedure
losslessness theorem for time-invariant quadratic
forms. In case M is time varying, [6] uses very
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different methods to show that an asymptotic scaled
small-gain condition is still necessary for robust
stability. Ref. [6] uses an inductive proof along
with properties of the structured singular value
(e.g [5]).

In this paper, we extend the S-procedure lossless-
ness theorem to the case of time-varying quadratic
forms. Using this extension, which is of indepen-
dent interest, we provide an alternate and more
direct proof of the main result in [6].

2. Notation

For v € R", (v); denotes the ith component, and
|v| denotes the Euclidean norm (v"v)'/2, Let £} de-
note the usual space of square summable sequences
in R" with norm |-||. The ith component of f € £7 is
denoted (f);,. Let <-,-> denote the usual inner
product in £2. For Te 2", St denotes the T-shift
(time-delay) operator and P; denotes the trunca-
tion operator. The set of all linear causal stable
g-input/p-output operators is denoted R
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3. A time-varying S-procedure losslessness theorem

In this section, we extend the so-called S-proced-
ure losslessness theorem (cf. [3, 4]) to time-varying
quadratic forms.

A version of the S-procedure losslessness the-
orem of [3] may be stated as follows. Let
01(:,*),...,ox (-,*) be N quadratic forms on #}.
Denote a;( f, /) by o;(f). A quadratic form is called
time-invariant if given any f,ge /2,

adf,g) = 0.(Stf; Srg), VTeZ".

The S-procedure losslessness theorem relates the
following two conditions:

Condition Ay;. Given any fe/2, o;(f) <0 for at
least one ie {1,...,N}.

Condition By. There exist o; >0, i=1,...,N,
such that for all fe/7, ¥V  0:(f)<O.

Assumption 3.1. Given any i*e{l,...,N}, there
exists an f* € £2 such that

o (f*) >0, Vj#i*.

Theorem 3.1 (Megretski and Treil [4]). Let
61(,"),..., an(, ) be time-invariant quadratic forms
on (2 which satisfy Assumption 3.1. Then
Conditions Aq and By are equivalent.

The primary interest of Theorem 3.1 is that if the
N quadratic forms cannot have positive values sim-
ultaneously, then a weighted combination of the
quadratic forms is negative semi-definite.

In this section, we relax the time-invariance
assumption on the quadratic forms. First, we state
the following time-varying versions of Conditions
Ar; and By and Assumption 3.1.

Condition A;y. Given any ¢ >0, there exists
a Te %" such that for all fe /2,

ai(Szf) < el fII*
for at least one i€ {1,..., N} (which may depend

on f).

Condition Bry. There exist a; >0 such that
given any & > 0, there exists a 7€ Z " such that

for all fe £},

N
Z o0 (Stf) < 5Hf“2-
i=1

The primary difference between these statements
and their time-invariant counterparts is that the
desired properties need only occur asymptotically.

Assumption 3.2. There exist b >0 and ¢ > 0 such
that for all Te &, given any i* € {1,..., N}, there
exists an f € £2 such that || f| < b, and

oi(Srf)>e Vj#i*

Similar to Assumption 3.1, Assumption 3.2 also
states that any N — 1 quadratic form can be made
simultaneously positive. Two differences, however,
are that this condition is required to hold over all
time and that it cannot require arbitrarily large
elements of £7.

We now state the main result of this section.

Theorem 3.2. Let o,(-,"),...,on(*,") be (possibly
time-varying) quadratic forms on £? which satisfy
Assumption 3.2. Then Conditions A1y and Byy are
equivalent.

That By implies Ay follows immediately. The
remainder of this section is devoted to prove Ary
implies Bry.

Given any Te Z ™, let Ky = RY be defined as
follows:

(1o (ST f)) i
KTd;—f)‘ )2f€f,% .
[\\GN(STf) / [

Define K, = ()rcz+ K7 as follows. For any
ve K., there exists a b > 0 (which may depend on
v) such that for all 7e 2™, there exists a sequence
{fo} = ¢} with || f,|! < b such that

Lo (STfu))
lim . = p.

" on(Sr )

The only difference between K, and

ﬂreﬂu K71 is the a priori bound the elements of
¢ used in forming the sequential closure.

We first show that K, is convex.

Let v, w € K., and let b, and b,, be the associated
bounds in the definition of K. For any Ty € Z 7,
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there exists a sequence {f]'} = /2 be such that
Ifat] < b, and

(61(Sr, fa
lim : l=u.
"ol an(Se, S

Similarly, for any 7, € Z ™, there exists a sequence
{gF2)} = ¢2 such that | g2} < b, and

[ 01(ST,gm3)
lim : = w.
meee 6~(Srz m) |
Now define
Ti.T 1 T
h 1,42 =—"ST1 nl +

1
— Stk
NG NG
Note that the h%7 are uniformly bounded in £2.

Furthermore,

J(hfinTz)—G(*Sn )-HT(—ST2 )

+ 261(? ST[fn ,ﬁSngmz)'

Given any ¢ > 0, pick n* sufficiently large so that
|a,~(;% Sr,f1) — 3(v)| < & Now pick T% > T, suf-
ficiently large so that

I = Prs_)Sr, [l <e

Then pick m* sufficiently large so that
|O-i(\/+'2' S71g1i) — L(w)| < e Evaluating hj;g shows
that

[AT2TE — (30} + 3w <

Since ¢ > 0 is arbitrary, this shows that v, we K,
implies $v + 3we K, which suffices to show that
K, is convex.

2+ b,)e.

Define 0, = {ve R: (v); > 0}. We now show
that K, nQ.=0.

Let ve K, and let b, be the associated bound.
Then for any Te Z*, let {fT} = ¢2 be such that
| 7l < b, and

(a1 (St i)
lim .

n—owc

on(SofT),

Using Condition Ayy, given any & >0, pick
TeZ™ such that for each fT, one can find an
ie{l,..., N} such that

oi(Srfh)<ellfTlI* <ebl.

Since ¢ is arbitrary, it follows that at least one
component satisfies (v); =0. This shows that
K, and Q. are disjoint.

Since K, and @, are disjoint convex sets in RY,

there exist constants «;, i = 1,..., N, such that
a (V) + - +oay)y =20, VveQ,,

and

a () + - +ayvy <0, YoekK,,

Clearly the definition of @, implies that «; > 0. In
fact, one can use Assumption 3.2 to show z; > 0.

Finally, to prove Condition Byy, consider the
subset of K1

df"'Ul(STf)\ |
B(Kr)= : 1f553,|\f||<1}~

J

|\ on(S7f)]
Define

B(K.)= () BKy).
Tezxt
Then B(K ) € K. Since the B(K ;) form a nested
sequence of compact sets in R", one has that as
T— o,

max min |v— w|— 0.
veB(K;) weB(K,)

Thus, given any 6 >0 as in Condition Byy, pick
Te Z* sufficiently large so that

max min |v— w| < d/]af,
veB(K;) weB(K,)

where o = (aq...ay). Thus, | f| < 1 implies

N N N
Z 20:(Srf) =Y ou(v) + Z ai(a(S7f) — (v))
i=1 i=1 i=1
for some v € B(K ) such that
a(Stf)
: — v < o/«
\O'N(STf)
Since B(K,,) © K., ¥V, o4(v); <

Zoca(STf z — (v)k)

<lald/la] < O

0. Hence
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Fig. 1. Stability analysis diagram.

Since the above inequality holds for || /| < 1, it
follows that

Y woiSrf) <SS
i=1

This completes the proof that Ay implies Byy.

4. Application to robust stability analysis

We now apply the time-varying S-losslessness
result of Theorem 3.2 to the robust stability prob-
lem of Figure 1.

Let 4 € 2N be called admissible if it is strictly
causal and has a diagonal structure with dia-
gonal elements 4,6 Z1v' and || 4;| < 1. Given
Me £V, define F(M) as the family of time-vary-
ing causal operators (I — AM)~! with 4 admissible.
We will call the family F(M) robustly stable if
F(M)c £3¥77. In other words, the closed-loop
system in Figure 1 is stable for all admissible A.

Assumption 4.1. Let e; € R" denote the standard ith
basis vector in R". Let e;€ /% denote the sequence
e; def {e;, 0,0, ...}. There exists an ¢ > O such that for

all TeZ*, |[(MSre);| >e Vj #1i.

In other words, Assumption 4.1 is a non-degener-
acy assumption which states that the off-diagonal
terms of M are non-zero and do not asymptotically
decay to zero.

Assumption 4.2. If A, =0 for some ie{l,...,N},
then (I — AM)™ ' e LIV,

Assumption 4.2 simply states that there is no
destabilizing 4 with only N — 1 active blocks. If
this is not the case, then one may delete a column
and row of M to assess robust stability.

We now outline a more direct proof of the fol-
lowing result.

Theorem 4.1 (Shamma [6]). Let M € £ " satisfy
Assumptions 4.1 and 4.2. Then the family F(M) is
robustly stable if and only if

inf inf |[DMD 'S;|l < 1.

TeZ~D>0, diagonal

Proof (sketch). Given any y > 1, define the quad-
ratic forms

o f.) S LMf), (Mg)> — 72 s (9D,

i=1,...,N.

With these quadratic forms, [6] shows that ro-
bust stability is equivalent to Condition Ay for
every y > 1. Assumption 4.1 assures that Assump-
tion 3.2 is satisfied. Hence, using Theorem 3.2,
robust stability is equivalent to Condition Bry.
With the present quadratic forms, Condition
Bry may be stated as follows. There exist «; >0
such that given any & > 0, there exists a Te Z™*
such that for all fe /3,

N N
Y o l(MSe )P <8 1f 17+ 2wl (Srf)ll®.
i=1 i=1

Using

/‘\/al
D=

\ \/(x_N /
leads to infy.p+||DMD™1S7| < 7. Using success-
ively smaller values of y leads to the desired re-
sult. O]
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