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Gain-Scheduled Bank-to-Turn Autopilot Design Using
Linear Parameter Varying Transformations

Lance H. Carter* and Jeff S. Shamma?
University of Texas at Austin, Austin, Texas 78712-1085

A gain-scheduled autopilot design for a bank-to-turn missile is presented. The approach follows previous work for
a longitudinal missile autopilot. The method is novel in that the gain-scheduled design does not involve linearizations
about operating points. Instead, the missile dynamics are brought to a linear parameter varying form via a state
transformation. A linear parameter varying system is defined as a linear system whose dynamics depend on an
a priori unknown but measurable exogenous parameter. This framework is applied to the design of a coupled
longitudinal/lateral bank-to-turn missile autopilot. The pitch and yaw/roll dynamics are separately transformed to
linear parameter varying form, where the cross axis states are treated as exogenous parameters. These are actually
endogenous variables, and so such a plant is called quasilinear parameter varying. Once in quasilinear parameter
varying form, a family of robust controllers using . synthesis is designed for both the pitch and yaw/roll channels,
using angle of attack and roll rate as the scheduling variables. The closed-loop time response is simulated using
the original nonlinear model and also using perturbed aerodynamic coefficients.

Nomenclature

aerodynamic moment coefficients about body
x,y,and z axes

aerodynamic force coefficients along body
x,y, and z axes

reference diameter

moments of inertia

constants dependent on moments of inertia
(see Appendix)

actuator bandwidth, 188.5 rad/s

constant dependent on flight condition

roll rate

dynamic pressure

pitch rate

yaw rate

reference area

controller input

controlled output

angle of attack

angle of sideslip

commanded roll, pitch, or yaw fin deflection
idealized roll control deflection

actual roll, pitch, or yaw fin deflection
idealized pitch control deflection

idealized yaw control deflection
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I. Introduction

ANK-TO-TURN (BTT) tactical missiles present a particular

challenge to autopilot design. BTT maneuvering is character-
ized by orienting the maximum aerodynamic normal force with the
plane of the commanded direction. This is accomplished by rolling
and pitching the missile while maintaining (ideally) a zero sideslip
angle. By contrast, skid-to-turn (STT) missiles develop a sideslip
angle to change attitude, while the roll rate is minimized or left
uncontrolled. The advantages of a BTT airframe include increased
range, aerodynamic efficiency, and a greater normal acceleration
capability in the commanded direction. Especially in the endgame
phase of flight, however, BTT missiles may develop a large roll rate
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and angle of attack. The high roll rates combined with an asym-
metrical airframe produce severe kinematic and aerodynamic cross
axis coupling in the nonlinear system dynamics. Compared with
STT missiles, it is difficult to uncouple the dynamical equations
usable for linear classical single-input/single-output (SISO) design
techniques. Despite the possible advantages, currently there are no
BTT air interceptor missiles in operation.

In Ref. 1, a survey of design methods for BTT autopilots is pre-
sented. A classical approach, typified by Ref. 2, initially ignores
dynamic coupling by treating each of the pitch, yaw, and roll axes
separately. Linearized models are used for each channel, and con-
trollers are designed using SISO frequency response and root lo-
cus methods. Then kinematic cross coupling is counteracted by
adding cross-coupling paths from the roll channel into the pitch
and yaw channels. Modern state-space designs are found in Refs.
3-5. These largely decouple the dynamics by assuming an ax-
isymmetric geometry and simplified aerodynamic modeling. Lin-
ear quadratic Gaussian methods are used to design controllers, and
the gains are typically scheduled as a function of roll rate and dy-
namic pressure. Nonlinear simulations are used to verify stability
and performance. Both methods achieved comparable performance,
but the linear regulator designs resulted in improved robustness
properties.

Robust autopilot design has also been investigated in Refs. 6
and 7 using H™ and u synthesis, which exploits the structure of the
system uncertainties to achieve robust performance. They employ
linearized dynamics and uncertainty models, and in Ref. 6 the robust
linear time invariant (LTI) controllers are scheduled as a function
of angle of attack. Explicitly nonlinear methods to robust autopilot
design are found in Refs. 8-10.

A novel approach to gain-scheduled missile autopilot design is
presented in Ref. 11. Recall that in a traditional gain-scheduled de-
sign, the linear design plants are derived by considering small pertur-
bations about an operating trajectory or flight condition. In Ref. 11,
rather than linearizing via a Taylor series truncation, a family of
linear plants is derived from a state transformation of the original
nonlinear dynamics. Since there is no linearization involved, it is not
limited to the local operating point. This method is applied to a lon-
gitudinal missile autopilot, in which angle of attack is the schedul-
ing variable. Such families of linear plants indexed by a scheduling
variable are referred to as linear parameter varying (LPV). These
differ from linear time-varying plants in that the parameter vari-
ations are unknown a priori, but may be estimated upon system
operation.

References 12—14 focus on theoretical aspects and limitations of
gain-scheduled LPV systems. Reference 13 formalizes the notion
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that the scheduling variable must vary slowly to maintain stabil-
ity. Attempts to account for fast parameter variations in the control
design are found in Refs. 12 and 14.

This paper closely follows the gain-scheduling approach of
Ref. 11, but considers the BTT missile control problem. The goal
is to explicitly retain the kinematic and aerodynamic nonlineari-
ties inherent in a BTT airframe, while using design models ca-
pable of powerful linear, multivariable, robust design techniques.
The missile is considered during the endgame, when a large and
rapidly varying angle of attack and roll rate make such nonlineari-
ties the most significant. The main sections of the present approach
are summarized as follows. First, LPV systems are defined and are
shown to be expressible by certain nonlinear systems. Then the
missile mathematical model is developed to include (most) kine-
matic and inertial coupling. Next the dynamics are brought into
LPV form by considering separate pitch and yaw/roll dynamics
and applying a suitable transformation. An uncertainty model is
developed, and robust controllers are designed at fixed parameter
values using o synthesis. A global controller is created by switch-
ing among the frozen parameter designs dependent on the instanta-
neous operating point. The closed-loop response to step and pulse
commands is simulated with the original nonlinear plant. Finally,
robustness to uncertainties not explicitly addressed in the design pro-
cess is investigated by perturbing coefficients in the aerodynamic
model.

II. Nonlinear Systems as LPV Plants

LPV systems 11-13 are defined as linear systems whose dynam-
ics depend on exogenous time-varying parameters. A state—space
description of an LPV system can be represented as

i = A@x() + B@®u(t) O
y =C@)x() )

where 0 is a vector of parameters unknown a priori but may be
estimated on operation of the system. Typically, bounds on the pa-
rameter magnitude and rate are known. LPV systems, therefore,
differ from LTV systems in that the time variations of the state—
space realization matrices in the latter are known beforehand.

A family of controllers Ky can be designed at each frozen param-
eter @ value, and well-known linear design techniques may be used,
utilizing convenient computer-aided design software tools. A gain-
scheduling scheme may then consist of interpolating or switching
between the linear controllers along the system trajectory.

Although these fixed parameter designs may exhibit good stability
and robustness margins for fixed parameter values, fast variations
may be destabilizing.'?!*> Therefore, only extensive simulations can
verify control system performance for a particular design.

Certain nonlinear systems can also be represented as LPV plants.
The nonlinear system is brought into LPV form using a suitable
(nonlinear) transformation. In this case the exogenous parameters
are actually endogenous to the state dynamics, hence the name quasi-
LPV. An example of this was shown in Refs. 11 and 12 for the
following nonlinear plant:

d {z z
a(w>=f(Z)+A(Z)(w)+B(Z)M 3)

References 11 and 12 call these systems output nonlinear since the
nonlinearities only depend on the measured output z. To transform
the system to quasi-LPV form, assume that there exist continuously
differentiable functions wy(z) and ucq(z) such that

f@)+ A |: :I + B(2)ueq(z) = 0 4

Z
Weq(2)

Then A(z) and B(z) are partitioned to conform with (z w)” as

Az Ap®@ B(2)
A = , B = 5
2 [Au(z) Am)] 2 I:Bz(Z)] ©)

After some manipulation, the state dynamics can be written as

_d_[ z _ 0 A(z)
df { w—weq(@ | |0 An@) — Dwe(2)An(z)

] [u — ucq(z)]
(6)

where w — wey(z) is the deviation away from the instantaneous equi-
librium state parameterized by the output nonlinearity. The operator
D in Eq. (6) represents differentiation with respect to z applied to
Weq(2). Equation (6) is a quasi-LPV representation of the original
nonlinear plant. Note that the linearization is a result of a state trans-
formation, rather than to a truncated Taylor series expansion about
equilibrium values.

Next, integrators are augmented at the plant input to get the final
design plant. As shown in Ref. 11, this is desirable to avoid updating
the applied control signal by the equilibrium term u.q(z), and also
to reduce steady-state tracking errors. Letting

o= [

[ Z } [ Bl (Z)
X +
w— wcq(z) By(2) — Dweq(z)Bl(Z)

the state dynamics become

b4
a—t w = Weq (Z)
U — Uy (2)
0 A (z) Bi(z)
= |0 An(z) —Dwy(2)An(z) Ba2(z) — Dwy(z)Bi(2)
0 —Du(2)A12(2) —Ducy(z) B1(2)
z 0
X | w—we@ | +[0 v )
U — Ueq(2) 1

A series of controllers can be designed at fixed z values using
the design plant, and a gain-scheduling scheme implemented. Note
that although the controllers are linear designs, the control law is
nonetheless nonlinear because of the feedback of the wg,(z) and
leq(2) equilibrium conditions. The following sections, in which this
framework is applied to a BTT missile autopilot design, illustrate
this more clearly.

III. Missile Dynamics

The differential equations used to describe the missile dynamics
were derived in a manner similar to that in Ref. 15. They are rep-
resentative of a BTT airframe traveling at Mach 2.75 at an altitude
of 40,000 ft. The body x axis is oriented longitudinally along the
airframe, positive from aft to forward. The body z axis points to-
ward the ground in level flight, and the body y axis completes the
right-hand rule. The missile is considered in the endgame phase of
flight, and so the total translational velocity magnitude and mass
are assumed constant. Furthermore, gravity terms are neglected, but
may later be added into the guidance command as a bias. Since
a BTT missile is nearly symmetrical in the pitch plane, two of the
three cross products of inertia (I, /) are assumed to be zero. With
these assumptions, the missile dynamics are as follows:

o = Kp[~C,sina+C,cosa]—tan f(pcosa+rsina)+q (8)

B = Kpl[Cycos B — C, cosasin B — C, sina sin §]

—rcose — psina )
p=nhLhpg+ LOSdC,+ 0S8dC, (10)
G = (1/L)[L:" = pP) + U — L) pr + QSdC, ] (11)

7= Ipg + 1, QSdC, + 150SdC, (12)





















