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For =, = 0.01 and the same prior domain of interest foras in _
Example 2, in 8 s, SIVIA bracket¥ between two subpavings as Jeff S. Shamma and Dapeng Xiong
illustrated by Fig. 2. Boxes in dark grey belong¥o and have thus ) o .
been proved to belong 1. Those in light grey have been eliminated, Abstract—We consider the optimization of nonquadratic measures of
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system of the form Il. PRELIMINARIES
e(k +1) = Aw(k) + Bu(k), 2(0) = o 1) Let 2+ depote the set of nonnegative integers. Fog R", let
x; denote theth component of:. Let |- |, denote the usual-norms
the LQ cost function is on R".
. Let S C R" be a convex compact set of nonempty interior
Jro(zo) = inf Z 27 (k)Qx(k) + 'u,T(k‘,)R'u,(k) containing the origin. Assume further th&is symmetric with respect
u() o= to the origin, i.e.,
where@ and R are design parameters. reESe —reS.

In this paper, we consider cost functions of the form
oo We will call such sets Minkowski sets. The Minkowski functional [2,
J(z,) = H(li; > h(a(k),u(k)) p. 106],p(-; $): R™ — R, associated witt$ is defined as
k=0
where the nonquadratic penalty functior,, -), defines a norm on pl(r:S) = infla € R7 0 € oS},
the state and control vector. For example, given vectogsk™ and  ynder the stated assumptions 6np(-; S) defines a norm ofR” .
u € R™, we may define Let 1 denote a column vector of appropriate length with unit
elements. ForM € R**", let Set(M) denote the subset oR"

h(w,u) = max{|i], -« |zl fusl, oo |} . L .
associated with\ defined by the constraints
or alternativel
Y Set(M) = {x: Mz < 1}.
hw,u) = ZO ] + ZO [u5]. For My, € R**", M, € R* consider the subses, of R" defined by
1= J:

—d- M+ Mow .
In words, the above performance index essentially reflectst the S ={z: Mix + Myw < 1 for somew € R}.

norm of the transient response. Singg, -) defines a norm and has
linear growth, it does not correspond to any quadratic function.
Flrst,_ we prese_nt a computational |mp|_ement_at_|on of _dynamlc pro- Rack[(M: My)] = {M e RIXn. g = Set(M)}
gramming recursions to solve the associated finite-horizon problem
N i.e.,Rack[(M, M- )]isthe set of matrices which give a direct char-
Jn(z,) = inf h(x(k), u(k)). acterization ofS. While the setS, is unique, its matrix representation
w) =5 is not. HenceRack[(M; M- )] represents aetof possible matrix
representations. Nevertheless, by abuse of notation, we will write
M = Rack[(M, M>)] intending that}M is any selection. The
construction of an element dack[(M; M- )] may be achieved
max(Myw,);. through the Fourier—Motzkin algorithm which is described in [4] and
' reviewed in the Appendix.
We then consider a receding horizon implementation of the finite- Proposition 2.1: Let M = Rack[(M: M2 )]. Then
horizon optimal control. Receding horizon control, also known as .
model predictive control, has been considered by several authors for min max(Miz + Mou); = max(Mx);.
linear and nonlinear systems (cf., [5], [7], [8], [9], [10], [11], [14] o !
and references therein). Many of these references exploit the receding Proof: For o # 0
horizon formulation in order to address state and control constraints.

Define

This procedure leads to a set of matricé$,, so that the optimal
finite-horizon cost is given by

In this paper, we consider only the unconstrained case. Mix+ Mou < al & M, l;v + leu
Reference [5] has shown in a fairly general setting that for a 1 ?L @
sufficiently long horizon length, the receding horizon control law <KleM-z<1e Mz<al
is stabilizing. Furthermore, the receding horizon control performance @
approaches the infinite-horizon performance as the horizon lengthich implies the desired result. O

increases. In this paper, we provide computational criteria whichFor M; € R*1*™ and M, € R*2*"™, consider the subset
assure that a receding horizon implementation of the finite-horizon
optimal control is both stabilizing and within a specified tolerance of S = {x: max(Miz): + m?X(MzJ’)j <1t
the infinite-horizon performance. While these criteria do not provide
ana priori bound on the required horizon length, they are based &refine
finite-horizon computations only.

A common practice in receding horizon control is to impose a

terminal condition on the finite-horizon problems (such-e8 +1) = . e a1 . . . .
0) in order to assure that the receding horizon control is stabilizing(.e" Pan .[Ml’ Ms] s the S?t of matrices which give a d|rect_char-
cterization ofS. The matrix ;> can be constructed by forming a

In this paper, we do not impose such a terminal constraint. - binati  th iy 4 oll
The resulting near-optimal controllers are piecewise linear fung@Inise combination ot the rows i, andfif, as Toflows.

tions of the state. Although nonlinear and not necessary unique, théSuppose

receding horizon control law can be made to be globally Lipshitz v W
continuous. The utility of nonlinear controllers for linear uncon- o= | Vo —
strained systems has been considered for certain disturbance rejection - ) 2 .
problems [1], [3], [12], [13]. Vzy Wy

Pair[My, Mz] = { My € R*12*": 5 = Set(Mi2)}
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Then
v + w1
v+ W,

Mz =

v+ wn

Vi + Wey

This leads toSet(M;2) being described by; x z. inequalities.
Appropriate linear programs then can be solved to remove redundant
inequalities. Again, by abuse of notation, we will wrifd;, =

Pair[ M, Ms].

. MAIN RESULTS

We will consider the discrete-time linear system (1) wittk) €
R"™ andu(k) € R (extensions to the multi-input case require only

notational changes).

ForT'x € R7*" andT'y € R*, we define the following objective

Proof: Clearly
2o € Ko & 2, € Set(Mo).
Furthermore, by Proposition 2.1
Jo(wo) = Ill,"dX(ﬂ/fo;L‘o),‘.

By a standard dynamic programming argument,€ K if and
only if there exists a € R such that

h(wo,v) + Jo(Awx, + Bu) < L.
Alternatively
o € Ky & min(max(Txe, + o)
+ Injz_tx(_MoA;ro + MoBv);) <1
p= f]’él]rzl max (J\/[‘L\emp zo 4+ M, t,emp v)i <1
& wo € Set(Rack[(M™ M™)])
for some

(Mi™ ME™ ) = Pair[(Tx  Tu), (MoA MoB)).

function: Proceedin_g recursively compl_etes the_ proof. N (I _
The main idea of the proof is that via Proposition 2.1, the matrices
- My not only characterizéy v, but also provide optimal cost-to-go
J(wo) = }f(lf) Z h(z(k), u(k)) values. Note that since the penalty functiof, -) has linear growth
k=0
In(-)=p( En) @
where ) a . )
i.e., I\ not only describes a single level setb§(-), but completely
characterizes/n ().
h(z(k),u(k)) = Txz(k) + Tou(k));. .
(w(k), u(k)) m?X( xa(k) + Lou(k)) Proposition 3.1:
. . . . 1) ForanyN € Z%, Ky is a Minkowski set.
As mentioned in Section I, such a form can represent a variety of ) de[‘y € ) N

piecewise-linear penalty functions.
We make the following assumptions throughout.
Assumption 3.1:
1) [A, B] is a stabilizable pair.
2) Set((I'x TI'y))is a Minkowski set inR™"*.
Related to.J(x,) is the finite-horizon optimization

N
In(z0) = 1:1(11)1 ; hx(k),u(k))

where N € 2T,

2) Koo = [\yez+ K is a Minkowski set.
Proof: The proposition is a direct consequence of
Assumption 3.1. O
Proposition 3.2: Define

any = min{a: Ky C aKny1}.
Then

liIIl aN = 1.
N—co
Proof: Exploit the fact that thel'y form a nested sequence of
compact sets. (I
Note that

In the discussion that follows, we will show that the infinite-horizon
optimal performance can be approached by a receding horizon imple-
mentation of the finite-horizon optimal policy (cf., [4]). Furthermore-’
we will derive criteria based on onl§inite-horizon computations
which guarantee that the infinite-horizon optimal performance is
achieved within a specified level of accuracy.

We begin by characterizing finite-horizon optimal performance. Fér is important to note that thexy are a result offinite-horizon

Knyi CEn CanvKnp

mplies

1 n
JN+1(.’E) > Jn (J) > a/—NJl\url(:L’), Ve € R".

N € Z*, define
Ky = {zo: In(z,) < 1}
Theorem 3.1: The setky; = Set(My), where
Mo = Rack[(Tx T )]

Furthermore, Ky = Set(Mxy), where

My = Rack[Pair[(Tx Tv ). (My_1A My_1B)]).

computations.
We now define a receding horizon implementation of a finite-
horizon policy. GivenN € 2%, defines(; N): R" — R as

¢(x; N) = arg Hél}r_’l{h(r v) + Jv-1(Axr 4+ Bu)}.

From Theorem 3.1 and (2), we see thdt:; V) can be computed
by an appropriate linear program.

The receding horizon policy repeatedly implements the first step
of a finite-horizon policy. Key issues are then whether the receding
horizon policy is stabilizing, and if so, what is the resulting infinite-
horizon performance.



878 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 42, NO. 6, JUNE 1997

Since theK'x and K., are Minkowski sets, they define norms Proof: We can bound:(z(%),u(k)) term-by-term as follows.
on R™ which are equivalent tamax| - |. We then can define the First
constantsi N OGN, za’ , and 3., so that for allx € R"
h(x(0). u(0))

B ylzlse < Jn(x) < el = In(2(0)) = Jn_i(2(1))
B el < pla; Koo) < Boclt|oe. = Jn(x(0)) — In(z(1)) + In(2(1)) = In_1(x(1))
. . 1 )
Because of the set containmerts D K3 D --- O K., we may < In(2(0) = I (x(1) + In((1)) - o I (2(1)).
select these constants so that -
_ _ Similarly
B, < By <8N < Boo
| N N —
Note that R(a(1),u(l)) < In(a(l)) — In(2(2)) + <7ﬁal\l_ )]N(b(l))
B |l < Jo(x) < h(x,u) A summation of similar bounds oh(x(k), u(k)) leads to
forall z € R" andu € R. > ; aN_1 — >
Theorem 3.2:Let N* be such that for allv > N* Zh(‘”(k)’"(k)) < In(a(0)) + < N1 ) Z w(@(k))
k=0 o

g8 — (m\ul — 1)31\' > 0. ' _ 1
Po / ON—1
< 1+ YN Jn
i i ilizi - < < al\[_l g 7\ (![

The receding horizon policy(-; V) is stabilizing for allv > N*.

Furthermore/Jn (-) is a Lyapunov function for the closed-loop system Which completes the proof.

so that Corollary 3.1:
In(z(k + 1)) < yvIn(z(k)) Koo = {a,:J(2,) < 1}.
where
Proof: Clearly J(z,) < 1 impliesz, € K.
N By = (an-1 = ns Theorem 3.3 bounds the achievable infinite-horizon performance
W= N B ) for any z, € K. Taking the limit of these bounds leads to
Proof: Let (k) and«(k) be the state and control trajectory, lim 1+ <“N*1 - 1) N
respectively, resulting from the receding horizon policy N=eeo AN-1 1 —n
u(k) = é(x(k): N). which implies that7(z,) < 1. O
‘ T Since the quantltyNV—IIIQfV can be computed via finite-
For anyk € Z* horizon computations, we can determine whether a receding horizon
policy is sufficiently close to optimalithout knowing the optimal
In(z(k)) = h(z(k),u(k)) + In—1(z(k+1)). cost.

Therefore

In(x(k)) — In(z(k+ 1))
= D(e(k)su(k) + In1(w(k 4+ 1)) = In(e(k + 1))

IV. A NUMERICAL EXAMPLE
Consider the unstable system

> h(z(k),u(k)) + Jn-1(x(k+ 1)) —an—1JIn—1(z(k+ 1)) a(k+1) = <_11 111>r(k)+<(1)>u(k)
> ha(k),u(k)) = (an—1 — 1)JIn(2(k)) '
> (Eo — (an—1 = DAx)|2(k)] oo with penalty function
> (30 - ((k"gl - DBN)JN(;L»(L')) h(z,u) = C)‘ .
N o]

which completes the proof. Table | presents the results of the finite-horizon computations. The

It is important to note that the condition in Theorem 3.2 is baseatab”'ty" column tabulates
on finite-horizon computations only. B —(an_1—1)3n
We now bound the performance achieved by a stabilizing receding -0 ) '
horizon policy. which must be positive for stability (cf., Theorem 3.2). The “perfor-
Theorem 3.3:Let N* and~~ be as in Theorem 3.2. Under themance” column tabulates

receding horizon policy an—1 =1

u(k) = (b(l?(k), [V) QN1 1- YN
the infinite-horizon performance satisfies which bpunds the infinite-horizon performance of the receding hori-
zon policy (cf., Theorem 3.3).
= . an_1 —1 YN B We see that stability is achieved for > 4, for which the receding
kz h(w(k), u(k)) < <1 + < an_1 ) 1=y ) Tn(2(0)) horizon policy is at most 30% larger than the optimal infinite-horizon
=0 b

policy. For N = 5, we haveay = 1, which implies thatikys C K.
for all N > N.. Since K's C K4 in general, it follows thathy = K5 = K, and
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TABLE |
FinTE-HORIZON COMPUTATIONS
] N ] QN -1 ] By | Stability | Performance
1 3.1 3.10 -5.51 —
2 1.72 | 4.21 -2.01 —
3| 128 |5.39 -0.51 —
41 1.05 |5.39 0.73 0.30
5 1 5.39 1 0

Thenv}’ and?

the receding horizon policy faV = 5 is in fact optimal. The seis
is described by ten inequalities

3.0091
2.7590
1.9690
2.2000
1.4196

2.2100
0.6300
3.4200
0.2100
3.7715

Msx =
(1]

where the bottom five inequalities are symmetric to the top five, i.el2l
the bottom five inequalities are the negatives of the top five. [3]
The receding horizon control policy is

O(a;5) = argmin(max (Ixz + Tuv), [4]

+ max (M Az + M5 Bv )1)
; .
This optimization (which does not uniquely defingdoes not need (5]
to be solved on-line. Let

Altemp — P‘(III'[(FX rU )7 (A[5fl A[E.B )]

(6]

One can show via Proposition A.2 that there exist vectors R* 7]

and scalarsy; (from selected rows ofi/**™P) so that

Js(z) — vl w

w;

&(x;5) = max (8]
1<i<1s

Note thate(-;5) is Lipshitz continuous. [9]

APPENDIX
CONSTRUCTION OF THERack[-] OPERATOR

[10]

In this Appendix, we review the construction of the R@akk [17)
operator.

Proposition A.1 [4]: Let M = (M, M), with M, € R**"

and M, € R*. Let [12]
Z+ = {l(f\i[g)z > 0} 13]

Z_ ={i:(Mz); <0}
[14]

Zo = {Z(AC[Q)L = 0}

Let M be the matrix formed by the rows:

_ 1

_(M»)i+ — (Mz)i_
(Mz)iy (Mi)_ sy — (M2)i (M), ),
V7,+ c Z+,7,_ € Z_;

Piji_

o ol = (Mi)g.s Yio € Zo.
Then M = Rack[M].

Typically, M contains several rows which represent redundant
constraints and can be removed as needed.

879

Proposition A.2: In the framework of Proposition A.1, léf; and
Z_ be nonempty. Defing}! : R® — R andv™ : R™ — R by

1 - (AT\'[I)(i+7;)éB

M

Yy (x) = min

+ (2) if€zy (Ma):,
M (r) = max 71 — ()i e
- N S VA W

" are continuous and satisfy

(z. v} (x)) € Set(M),

) Y € Set(M)
(.2 (2)) € Set(M),

Va € Set(M).
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