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Technical Notes and Correspondence

Further Results on Linear Nonquadratic Optimal Control This paper continues the investigation of LnQ optimal control. First,
) it is shown the optimal controller which minimizes the LnQ penalty
Chih-Hua Hsu and Jeff S. Shamma function also minimizes an induced norm in the presence of exoge-

nous disturbances. This result complements the work of [21] which
. ) . o considers induced norm optimization directly. Second, this paper con-
Abstract—This note continues an investigation by the authors of id th fL timization in th f stat d
minimizing the transient response of a linear system as measured by siders the C_ase of LnQ op 'm'za_'on Inthe prese_n(_:e 0 S_a € and con-
nonquadratic penalty functions, in particular, penalty functions which ~ trol constraints. Bounds are derived based on finite-horizon compu-
have linear growth. First, this note shows that the optimal state feedback tations which guarantee the stability and performance of a receding
which minimizes the transient response in the case of no exogenous inputshgrizon implementation of a finite horizon optimal control law. The

also minimizes the inducedé* norm in case exogenous inputs are present. . o : .
Second, it considers the case of constrained systems and derives boundsappmalCh taken here is complementary to the prevailing point of view

which establish the stability and performance of receding horizon control N receding horizon control. Namely, exploiting prior. work .in Control
laws. Finally, this note illustrates the results for scheduling of reliable of constrained systems allows the issues of constraint satisfaction and

manufacturing systems. finite horizon optimization to be taken separately. Finally, the methods
Index Terms—Disturbance rejection, £*, linear programming, optimal  are illustrated on a simple control problem for reliable manufacturing
control. systems.

Notation: Forx € R", define

In [19], the authors considered the so-called linear nonquadratic
(LnQ) minimization problem

I. INTRODUCTION n
z]p =

1/p
Z |¢Ei|p> |z]oo =  max |z
1=1,...,n

=1
|-7/‘|n1ax =maxrx;.
i

Jinq(z,) = inf Z [z(k)|1 (1) Foran infinite sequence; = {w(0),w(1),w(2),...}, with valuesin
iz R"™, define

oo N
lolls = 3" ol lwlison = 3 ().
z(k+1) =Az(k) + Bu(k), z(0) = z, k=0 k=0

2(k) =Ca(k) + Du(k) (2) Finally, defineM (:, i) as theith column of a matrix)/.

for the discrete-time linear system

with dimensionse(k) € R"™*, u(k) € R™*, z(k) € R"=. II. INDUCED NORM OPTIMALITY
This optimization differs from the popular linear quadratic (LQ)

problem with cost function In this section, we consider the following disturbance rejection

problem. Consider now the linear system (2), but with an exogenous
oo input w(-)
Jug(x,) = inf 2(k)|2
ol u(~>,;| Sl x(k+1) =Ax(k) + Bu(k) + Lw(k),  2(0)=0
2(k) =Czx(k) + Du(k 4
which has a quadratic penalty function. For some problems, a non- (k) z(k) + Du(k) @
quadratic penalty function better represents the performance objectiyfth dimensions as in (2) and (k) € R"*. Our objective is to find

e.g., in manufacturing systems [9]. Another advantage is the extel;;e feedback(k) = g(:c(k)) which achieves
sion to more general settings, such as LPV systems, where a quadratic '

penalty function presents certain computational difficulties [20]. ‘ I
In [19], the authors showed how to approximate the optimal infi- Jn = inf sup I
nite horizon feedback by receding horizon implementations of finite 9w
horizon optimal control laws. In the end, the optimal control, which ige., the closed-loop induced norm.
not necessarily unique, takes the form of a nonlinear feedback law  The problem of induced' norm minimization via linear dynamic
feedback is treated in the text [6], but in the context of indu¢&d
w(k) = gring (m(k)). (3) norm minimization. In the case of multivariable linear systems, the two
induced norms are related by a simple transpose [8]. However, there

) . ] ) is no similar relationship in the case of nonlinear feedback applied to
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In this section, we will show that the optimal LnQ state feedback for Since.Jinq(-) defines a norm o™= [19], we have (8) shown at
transient response minimization is also the optimal state feedback figé bottom of the page, where = Izllerpo.ny + Jin (A;L»(N) i
induced norm minimization. We also comment that the LnQ objective '

has been shown to be equivalent to certain classes of stochastic distirty )>’ = Jinq(L), andy = [lwllao,n—1-

bance rejection problems [14]. Define the functionf(y) = (a + Jy)/(v + y) with y > 0, then
Assumption 2.1: f'(y) = (v8 — a) /(v + y)*. It follows by hypothesis (7) that
1) The pair[4, B] is stabilizable. 2]l ex
2) The matrix(C D) has full-column rank. Jung(L) < ||u||e < sup f(y)-
et y>0

These assumptions assure the existence of an optimal LnQ state feed-
back law [19]. Assumption 2.1.2 simply states that all states and con-rhere are two possibilities. First, i3 — a > 0, thenf is nonde-
trols are penalized. creasing, and
Theorem 2.1: The optimal induced' norm satisfies
. o+ Oy .
Jn = max g (L(:ﬂ) Jina(L) < iggf(y) < Jfim " = 8= Jua(D)

i

1=1,...,114

and is achieved by the optimal LnQ feedback) = gr.q gm(k,) . which leads to a contradiction. o .

The remainder of this section is devoted to the proof of Thedrem 2.1.Therefore3 —a < 0 must hold, which implies tha is mono-
The main idea of the proof is to show that the worst case disturbanc&d
an impulse. This is a standard result in the case of linear systems. We

gically decreasing, and

will showthatthis is still the case intr_le presence o_f.nonlineg_r feedback. Jino(L) < sup f(y) < (l’/-l- By _ (j_
The equivalent effect of an impulse is to set an initial condition for the y>0 Yty =0 i
unforced system (2), and the optimal control action is to minimize the '
resulting transient response. Therefore, we have
First, consider the case wherg = 1, i.e., a scalar disturbance. For
anyfeedback law, the induced norm is bounded below bfi..q(L). 1210, 3] + Jine (AJ:(]V) + Bu(N))
This can be seen by inspecting the response to the impulse Jinq(L) < Telioo 1
[l k=0 A1
w (k) = {0, otherwise © Tl

Now assume that the feedbagk. (-) does not achieve an induced By repeating this procedure, one can progressively drop the

| : .
¢* norm of J(L). Then there exists a disturbance last nonzero term in the disturbance, thereby finally leading to the
conclusion that

w = {w(0),w(l),...,w(N),0,...}

for some time horizon}V, such that Jing(L) < H
ras
=1l :
llwllex > JunQ(L)- ™ wherew™ is the impulse defined in (6) and" is the corresponding

. . , _ response. However, this cannot be the case since the feegihagk),
We can assume without loss of generality thatV) # 0. We will  py gefinition, achieves

show that the alternative disturbance

w = {w(0),w(l),....,w(N —1),0,...}

which leads to the alternative resporisalso satisfies

Therefore, the conclusion is that

w

[l
T > Jing(L). Jot = Jraq(L).

X

=
<

[|2]] et i ||5||t1[0,Af] + ||Z||€1[N+1,oo)

[lwl] e lwllero,n—1) + [w(N)]
lerpo, ] + JrnQ (T(N + 1))
[lwllexro, n—1y + [w(N)]
121l e2p0, N7 + JLng (A;r(N) + Bu(N) + Lw (N))
- el + [0 (V)]
lerjo.n + Jrng (Arc(N) + Bu(N)) ¥ Jino (Lu;(N))

- llwllexo, v -1y + fw(N)]
_a+ fBlw(N)|
v+ |w(N)|

|z

|z
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Similar arguments hold for the multiple-input casg > 1. As be- In addition to Assumption 2.1, we will make the following assump-
fore tion on the constraints (9), which reflect the present viewpoint.
) Assumption 3.1:
T > _max Jing (L(:’ O)' 1) T is compact.

2) Define the convex projection
Furthermore, if the feedback..q(-) does not achieve this level of ) pro)

performance, then there exists an impulsive disturbantg; ), which Z = {x: (z,u) € T for someu}.
is active only at: = 0 such that
=" lox There exist positive\ < 1 and N* such that for allz(0) €
_max Jrnq (L(:,i)) < W =, there exist control input§u(0),...,u(N* — 1)} such that
T S (;L’(k),u(k)) €Tfork=0,....N" —1andz(N*) € AZ.
where:" is the response to*. However The property in Assumption 3.1.2 has been callétistepA-con-
. tractiveness in [5], [11]. As discussed earlier, this assumption reflects
=%l Jinq (L“’ (0)) that the issue of infinite horizon feasibility has already been considered
w*(0)], w*(0 in the formulation of the constraints (9).
1 ( )1
n [ (0)]J L(si) We now state two results in preparation for the main result. First,
< o T‘”Q( A ) define the finite-horizon optimization
B [w*(0)], ,
1= N
= max Jing (L(:,i)). JIn(wo) = inf Z |2(k)[x 12)
1=1,...,nq u(+) =0

Again, this leads to a contradiction, and, therefore, the feedba&‘fbject to constraints (9).

gLaq(+) achieves the optimal induced norm. Proposition 3.1: The finite-horizon optimal costs (12) admit the

matrix representation
IIl. LNQ OPTIMIZATION WITH CONSTRAINTS
In this section, we again consider transient minimization (1) for In(w0) = [Mywo + My |max
the undisturbed linear system (2), but now with state and cont

rol . . . .
: 1%r appropriately dimensioned matric&&v, and column vectors: v .
constraints

Proof: The computation of thé/, andm » can be dona priori
(ar(k),u(k)) €T = {(x.u): |Ba+ Fulo < 1}. (9) through an implementation of standard dynamic programming recur-
sions [2]. [ |
It has been shown in [12] that receding horizon control can be usedProposition 3.2: The.J () form a uniformly convergent sequence
to approximate the infinite horizon optimal control law. In this notegf continuous functions oA&.
we will derive bounds based on finite-horizon computations which ex-  Proof: The N *-stepA-contractiveness assumption implies a uni-
plicitly bound the infinite horizon performance of a receding horizoferm upper bound od v () for all N. This implies pointwise conver-
control. gence ofJy(z) for all z € =. Since= is compact, we have uniform
A primary motivation for receding horizon control policies for lineaiconvergence as well. [ |
systems is the presence of constraints (cf., [17] and references thereinlNow, define
and an important issue is the infinite horizon feasibility of constraints.
In this paper, we will make a departure from this viewpointsepa- ay-1 =min{a: Jy(z) < alya(z) Va€E}
rating the issues of constraints and optimization. In particular, we will .
assumethat the constraints (9) satisfy a sort of invariance propertyy Proposition 3.2, we have that
Such a viewpoint does not sidestep the issue of constraints. Suppose

o . e lim ay =1.
it is desired to maintain N O

| Eorigar(k) 4 Forigu(k)]oo < 1. (10) We now state our main result which provides an infinite horizon per-
formance bound for the receding horizon control law
Prior work on constrained systems (e.g., [3], [10], [11], [5], and [18])
can be used to determine whether or not this is achievable over aninfi- ~ ¢(2; N) = argmin  {|Cx 4+ Dul;
nite horizon. If this is achievable, then there exist new constraints {ui Fat Fuloo <1} ,
+ Jn—1(Az + Bu)}.
| Enew (k) + Fuewu(k)|oo < 1 (11)
Theorem 3.1: Let

which capture the infinite horizon feasibility as follows. At any time
%, there exists control inputgu(k), u(k + 1), u(k + 2),...} that as- B = max{|Cz + Dul| : (x,u) € T}.
sure that the original constraints (10) are satisfied if and only if the
current control input.(k) satisfies the new constraints (1)n other Define||(z, u)[|r as the norm whose unit ball is the dgtand let
words, the new constraints represent a necessary and sufficient point-
wise-in-time “translation” of the original constraints. With this view-
point, the issue of infinite horizon feasibility is addressagtiori, and
receding horizon control is only a means to the end of approximatifnge receding horizon contrel(k) = ¢(x(k); N) is stabilizing for all
the infinite horizon optimal control. N such that

| G, wlir
6= max ————.
(z,u)€T |CI+DU|1

INote that an infinitesimal relaxation of the constraints (10) may be required SN
in order to obtain a finite collection of constraints (11) (an—1—1) 1- 2\ <L
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Furthermore, the infinite-horizon performance satisfies

)|

1—v

for

an—1 — 168N~
= < 1.
7 an -1 L1—2AX

Proof: Let xz(k) and u(k) be the state and control trajec-
resulting from the receding horizon policy

tory,
u(k) = o(
For anyk

respectively,
w(k); N).

Tx (2(k)) = [Ck) + Du(b)l, + In—1 (2(k +1)).
Therefore, forz(k) € =
In (:n(k)) —Jn (:c(k 4 1))
= [Ca(k) + Du(k)s + Ty (w(k + 1)) = T (2(k + 1))
> |Ca(k) + Du(k)|s — (an—1 — 1) In—1 (;zr(k + 1))
> |Ca(k) + Du(B)l = (an—1 = D (n(k) ).

Now, for any positive scalgr < 1

In(x) < pIn <1)
p

as long as:/p € E. Therefore

) <o at ()
In (2 (k) <l (), u(k))”r]Nm
<1 (k. i) Y 22
Combining the above inequalities leads to

Jn (J(k)) —Jn (;z:(k + 1))

SN
<1 —(an_1 — 1)

>|C.1(k)—|—Du(k)|

The above establishes that () provides a Lyapunov function for

735

:J Tt~ pa—2

Fig. 1. Four-machine transfer line.

Therefore

Z |Cx(k) + Du(k)|x

k=0

< Jw (1(0)) + <‘“#:1) iJN (:n(k:))
- k=1
<y (:v(t))) + (%)

LWV W)

k=1
Definey = (an—1 — 1)/((11\',1)(5/3]\7*)/(1 — A). Note thaty < 1
for ay—; sufficiently close to one. Rearranging the above inequality
then leads to the desired result. ]

IV. NUMERICAL EXAMPLE: TRANSFERLINES

Consider the four machine transfer line of Fig. 1. Material is pro-
cessed by machine¥; throughiZ, in order to meet the demand,
Each bufferz; denotes the cumulative production of tith machine
less the cumulative production of thie+ 1)th machine. An exception
is buffer 2, which denotes the cumulative production of the 4th ma-
chine less the cumulative demand, i.e., total inventory or backlog.

These dynamics take the state equation form

1 =1 0 0 0

, , 0 1 -1 0 0
x(k+1) =a(k) + 0 0 1 -1 w(k) — 0 d (13)

0 0 0 1 1

whereu; (k) denotes the production of thith machine.
The objective is to minimize

Z crx1(k) + coxa(k) + cazs (k) + max {cj[:w,(k), 64_1’4(k)}
k=0
where all coefficients are positive excegt, which is negative to pe-
nalize backlog. The constraints on states and controls are

0 < 2(k) < Tmax
and

0<ulk)<p

ay sufficiently close to one. One can go on further to establish expRsy specified maximum buffer sizes,n., and machine capacities,

nential stability sinc&" is compact. The details are omitted here.
We will now establish the performance bound. We can bound

|C2(0) + Du(O)];
:JA(E(O)> Tne 1(1(1))
= Ix (2(0)) = In (1)) + Tn (2(1)) = Tna (2(1))
< (1) ) £ ) - )
:J\(T ) (r(l)) (“{;N‘TI)JN(m(1>).
Similarly

|Cx(1) + Du(1)|x <Jn (.1(1)) —JIN (;z:(Z))

+ (““#:1) I (#(2).

Provided that each machine capacity satisfies> d, then the above
constraints areV™*-step A-contractive withNV* = 1. Note that the
above system does not quite fit the formulation in the previous sec-
tion in that it evolves over the positive quadrant. However, the previous
analysis can easily be adapted to this setting.

Reference [15] considered such transfer lines, and showed that the
optimal policy for each machine takes the form

0, k<T
u(k) = ¢ i,
d,

T, <k<T;

k>Ty
where thél 7 are “deferral times” to be computed, ahgis a final time
after which the buffers will be cleared, i.ex(Ty) = 0. [15] derives
calculations for the deferral times based on a decomposition of the line
into sections according to bottleneck machines.

The LnQ procedure was used to compute a feedback control law for

this system. The simulation parameters (from [15]) were as follows:
Capacitiesy = {1.5,3,2,3}; Demand:d = 1; Holding costsez =
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{1,2,3,+3, —4}; Initial Levels:z(0) = {6, 12,24, —24}. The final [10] J. D. Glover and F. C. Schweppe, “Control of linear dynamic systems
receding horizon length wa¥ = 10. with set constrained disturbance$ZEE Trans. Automat. Confrvol.

In order to simplify offline computations, the cost-to-go at each stag
was approximated by a simpler cost-to-go with linear growth based o

AC-16, pp. 411-422, May 1971.
11] P.-O. Gutman and M. Cwikel, “Admissible sets and feedback control
for discrete-time linear dynamical systems with bounded controls and

a selected level set. The domdir(k)| < 1 was used as a “domain states,”IEEE Trans. Automat. Contrvol. AC-31, pp. 373-376, Apr.
of approximation.” Note that the system is expected to operate over a  1986. ) _ _ _ _
larger domain than that for the cost function approximation. [12] S. S. Keerthiand E. G. Gilbert, “An existence theorem for discrete-time
L infinite-horizon optimal control problems,IEEE Trans. Automat.
The result was an explicit state feedback la@k) = gr..q (m(k)) Contr, vol. AC-30, pp. 907-909, May 1985.
which led to deferral times dfy, = 18,73 = 6, and7y = 0. The [13] X.Luo and D. Bertsimas, “A new algorithm for state-constrained sepa-
deferral timeT, is triggered by the instant buffes is empty. These are rated continuous linear program§FAM J. Control Optim.vol. 37, no.

the same deferral times calculated in [15], even though the calculat
approximate cost here poorly predicts the actual cost. Note that defer

1, pp. 177-210, 1998.
eE%4] S. Meyn, “Stability and optimization of queueing networks, Nfath-
r ematics of Stochastic Manufacturing Syste@s Yin and Q. Zhang,

timeT; is correcteven thouglit occurs after the optimization horizon Eds. Providence, RI: Amer. Math. Soc., 1997, vol. 33, AMS Lectures
of N = 10. in Applied Mathematics, pp. 175-200.

[15] J. R. Perkins and P. R. Kumar, “Optimal control of pull manufacturing
systems,”IEEE Trans. Automat. Contrvol. 40, pp. 2040-2051, Dec.
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