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Switching Supervisory Control
Using Calibrated Forecasts
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Abstract—In this paper, we approach supervisory control as an
online decision problem. In particular, we introduce “calibrated
forecasts” as a mechanism for controller selection in supervisory
control. The forecasted quantity is a candidate controller’s perfor-
mance level, or reward, over finite implementation horizon. Con-
troller selection is based on using the controller with the maximum
calibrated forecast of the reward. The proposed supervisor does
not perform a pre-routed search of candidate controllers and does
not require the presence of exogenous inputs for excitation or iden-
tification. Assuming the existence of a stabilizing controller within
the set of candidate controllers, we show that under the proposed
supervisory controller, the output of the system remains bounded
for any bounded disturbance, even if the disturbance is chosen in
an adversarial manner. The use of calibrated forecasts enables one
to establish overall performance guarantees for the supervisory
scheme even though non-stabilizing controllers may be persistently
selected by the supervisor because of the effects of initial condi-
tions, exogenous disturbances, or random selection. The main re-
sults are obtained for a general class of system dynamics and spe-
cialized to linear systems.

Index Terms—Adaptive control, calibrated forecast, machine
learning, supervisory control.

I. INTRODUCTION

O NLINE decision problems [4], [10] arise in several fields
of study including, statistical analysis, game theory, com-

puter science, and systems and control. In these problems, a
decision maker must take a decision in each of a sequence of
stages based on the information available at each stage. Online
algorithms, and the related topic of learning algorithms, seek
to improve the quality of these decisions as more data is gath-
ered about some underlying process. In the systems and control
field, the utilization of learning is extensive. Adaptive control
[1], adaptive filtering [22], and supervisory control [12] are all
examples.

Supervisory control [11], [15], [19], [21] is an approach to
adaptive control that uses information obtained online to de-
cide on an appropriate control action. The “decision maker”
is composed of a set of candidate controllers and a supervisor.
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At least one of the candidate controllers is assumed to provide
the desirable closed-loop characteristics. The supervisor uses
simple logic rules to switch to a controller whose performance
is “better” than the other controllers in the candidate set of con-
trollers based on the performance of each controller using the
online measurements available.

There is a large body of work on supervisory control. See
reference [12] and references therein for an extensive overview.
Early work on supervisory control used a strategy of sequen-
tially stepping through controllers until a controller is found
that stabilizes the system [11]. Switching is based on monitoring
the output of the system over a moving window of finite time.
The next controller is switched into the loop if the value of the
output monitoring function for the second half of the monitoring
window is higher than the value of that for the first half, provided
that the length of the half window is sufficiently large. Refer-
ences [19], [20] present a model-based approach to supervisory
control. The supervisor evaluates a set of performance signals
that are estimates of the output error with respect to a set of
candidate reference models. The supervisor then switches into
the loop the controller with the best performance signal. Exten-
sion of this work for a certain class of nonlinear systems can be
found in [13]. Other model-based approaches can be found in
[14], [16].

An alternate approach to supervisory control is the cost
based unfalsified control approach [21]. This approach utilizes
the measured data to assess the performance of controllers in
and out of the loop in real time. Based on these performance
assessments, controllers that do not meet a prespecified desired
performance condition are said to be falsified by the measured
data. These controllers are rejected from the set of candidate
controllers. For a cost based supervisory scheme to be effective,
it is imperative that the cost should be representative of the ob-
jectives of the problem. With regard to stabilizing an unknown
plant, a cost function should encode stability properties. Such
reasoning motivated the notion of cost detectability [23].

In this paper, we approach supervisory control as an online
decision problem. In particular, we introduce “calibrated fore-
casts” as a mechanism for controller selection in supervisory
control.

To give some background on calibrated forecasts, suppose we
sequentially measure outcomes taken from a finite set. For any
stage, a forecast is a probability measure of the next outcome
given the data of prior outcomes. A calibrated forecast [5], [9]
guarantees that forecasts are “consistent” in hindsight. The fol-
lowing excerpt from [5] illustrates the main idea:

Suppose that, in a long (conceptually infinite) sequence
of weather forecasts, we look at all those days for which
the forecast probability of precipitation was, say, close to

0018-9286/$25.00 © 2009 IEEE

Authorized licensed use limited to: IEEE Xplore. Downloaded on April 13, 2009 at 15:16 from IEEE Xplore.  Restrictions apply.



706 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 54, NO. 4, APRIL 2009

some given value and (assuming these form an infinite
sequence) determine the long run proportion of such days
on which the forecast event (rain) in fact occurred. The plot
of against is termed the forecaster’s empirical calibra-
tion curve. If the curve is diagonal, , the forecaster
may be termed (empirically) well calibrated.

In other words, for a calibrated forecast, rain occurs on of
all of the days (in the limit) in which the forecast was approxi-
mately .

Interestingly, there are algorithms that are guaranteed to pro-
vide calibrated forecasts regardless of the underlying process
generating the sequence of outcomes. This process can even be
adversarial in the sense that it would like to thwart the calibra-
tion condition. Unfortunately, the computational requirements
to implement these algorithms is prohibitive. An important ex-
ception is the case of binary outcomes, recently analyzed in [18].

In this paper, we will use calibrated forecasts as part of a
supervisory controller. We first extend the concept of cali-
brated forecasting to accommodate scalar valued non-binary
sequences. In this framework, the forecast is no longer inter-
preted as a probability, but a forecast of the sequence value.
We show that the forecast for scalar sequences has similar
statistical properties as conventional calibrated forecasts for
binary sequences. We apply these forecasts to select a con-
troller with the highest forecasted level of performance. In the
present approach, the supervisor does not perform a pre-routed
search of candidate controllers. Rather, the selection is based
on online performance, with an element of randomness for
“exploration”. Moreover, the algorithm does not require the
presence of exogenous inputs for excitation or identification.
The main model-based assumption is a feasibility assumption
amounting to the existence of a stabilizing controller within
the set of candidate controllers. The use of calibrated forecasts
will enable us to establish overall performance guarantees for
the supervisory scheme even though non-stabilizing controllers
may be persistently selected by the supervisor because of the
effects of initial conditions, exogenous disturbances, or random
selection. The main results are obtained for a general class
of system dynamics and specialized to linear systems. Our
approach resembles machine learning methods for so called
adversarial multi-armed bandit problems [2], [7].

The remainder of this paper is organized as follows. The fol-
lowing Section II provides some background on calibrated fore-
casts and presents an extension of the calibration concept from
binary signals to scalar signals. Section III presents a descrip-
tion of the setup, architecture of the supervisory controller. Sec-
tion IV begins with a preliminary switching algorithm that em-
ploys a binary measure of controller performance and continues
with the main results on calibrated forecast based supervisory
switching with quantitative but imperfect measures of controller
performance. Section V presents a numerical example. Finally,
Section VI offers some concluding remarks and possible exten-
sions of the proposed supervisory control algorithm.

The following notation will be used throughout.
— denotes the Euclidian norm of .
— denotes the cardinality of the finite set .

— For , denotes the usual norm

— Similarly, denotes the backwards exponentially

weighted norm of over the interval , i.e.,

— denotes the induced norm of the matrix, , i.e.,
.

— denotes the indicator function

is
otherwise.

— denotes a random number generated using
a uniform probability distribution function on the interval

.
— denotes a random integer generated

using a uniform probability mass function on the set
.

— Boldface and denote appropriately dimensioned vec-
tors or matrices of ones or zeros, respectively.

II. CALIBRATED FORECASTS

A. Background: Binary Sequences

In this section we review the concept of calibrated forecasts
specialized to binary sequences. The discussion follows that of
[17], [18].

At every stage, , there is an outcome,
. A forecaster observes outcomes sequentially,

and at stage , makes a forecast, , of the
current outcome based on previously observed outcomes,

. Note that the forecast, , may
belong to the entire interval . Accordingly, we interpret

as the forecasted probability that . In general, we
allow for the possibility of randomized forecasts, where
is a non-deterministic function of the observed outcomes.

We now define criteria under which a forecasting scheme is
considered to be “calibrated”. For any and , the
indicator function

reflects when the forecast, , is within a specified tolerance
of a specified value (probability) . Now, define the calibration
error with respect to the pair as

(1)

The calibration error, , compares the predicted frequency
with the actual realized frequency when the prediction is close
to .
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Definition 1: A forecasting scheme is -calibrated if for all
outcome sequences, , and all
and , the calibration error satisfies

(2)

almost surely.
The statement “almost surely” in the definition refers to the

set of realizations of randomization during forecasting. Note
that a probabilistic structure has not been imposed on the space
of outcome sequences. A sequence is called calibrated if it is
-calibrated for every . Prior work [6] has shown that

there does not exist a deterministic forecasting scheme that sat-
isfies the calibration criterion for all outcome sequences, and so
randomized forecasting is necessary.

The standard intuition behind the calibration criterion is as
follows. Define

In words, denotes the set of stages where the fore-
cast, , approximately equaled the specified value, . The
calibration error can be rewritten as

(The sign is because the forecast may be slightly different
than on .) We see that there are two ways for the
calibration error to vanish. First, the forecasted value of may
be asymptotically unused in the sense that

If this is not the case, then we require that for large ,

implying that the empirical frequency of the outcomes over the
stages where the forecast was (approximately) is consistent
with the forecast of .

There are forecasting algorithms (see [9], [17] and references
therein) that are “universally calibrated”, i.e., the calibration
condition of Definition 1 is satisfied for all sequences, even “ad-
versarial” sequences that seek to violate the calibration condi-
tion. In the adversarial sequence setting, the universally cali-
brated forecast is necessarily random. That is, the algorithm
computes a probability density function of the next forecast, and
then randomly selects a forecast based on this density function.
It is assumed that the adversarial sequence generator has knowl-
edge of the forecasting algorithm and the data available to the
algorithm. Accordingly, an adversarial sequence can compute
the probability density function of the forecast but does not have
access to the forecast itself.

For more general non-binary sequences, the computational
requirements of constructing calibrated forecasts is prohibitive.
In general, these algorithms require a discretization of the prob-
ability simplex and have an “internal state” associated with each

discretized element. In the binary case, this amounts to a scalar
state associated with each in the range

. The number of requisite discretization values increases
as the desired accuracy decreases.

Recent work [18] has analyzed a forecasting algorithm (sug-
gested by [8]) that circumvents the requirement of discretiza-
tion. The algorithm, called “tracking forecasts” in [18], pro-
duces calibrated forecasts for all binary sequences and special
classes of non-binary sequences. While not being “universal”,
its computational and memory requirements are very modest,
being on par with taking a running average of a sequence of
values.

The tracking forecast is defined as follows. First, define the
projection as

Let be a positive constant, and let . Define

(3a)

(3b)

The quantity can be interpreted as a weighted average of
but with an increased weighting on recent

outcomes. Indeed, if , then is simply the average of
. The forecast, , consists of a randomized

perturbation of .
Proposition 1 ([18]): For any there exists an

such that the tracking forecast, , defined by (3) is -cali-
brated for all binary sequences.

B. Non-Binary Sequences

In this paper, we will need to broaden the set of allowable
outcome sequences to non-binary sequences. In particular, we
are interested in scalar sequences of the form

(4)

where is a random independent zero-mean finite-vari-
ance sequence, and is a bounded sequence with

. We shall refer to sequences (4) as admis-
sible noisy bounded scalar non-binary sequences. We are also
interested in the special case when ,
we shall refer to such sequences as admissible bounded scalar
non-binary sequences.

The calibration error for any and is de-
fined as

(5)

The following definition parallels Definition 1.
Definition 2: A forecasting scheme is -calibrated if for all

sequences (4), all , and , the calibration
error (5) satisfies

(6)

almost surely.
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Even though the reward is not binary, the tracking forecast
assures a property similar to calibration, but with a different
interpretation. As before, we will define the tracking forecast,
but now without any projection to the unit interval.

(7a)

(7b)

The forecast, , is no longer interpreted as a probability.
Rather, the calibration condition now implies the following. For
any specified forecast value, e.g., , the average of the outcome
sequence on the stages that the forecast was (approximately)
is approximately equal to .1

Proposition 2: For any there exists an such that
the tracking forecast, , defined by (7) is -calibrated for the
following classes of sequences

1) All admissible bounded scalar non-binary sequences for
any ;

2) All admissible noisy bounded scalar non-binary sequences
for .
Proof: The proof for the first class of sequences parallels

the binary sequences case in [18]. Alternatively, the proof can
be considered as a special case of the proof of the second class
of sequences. The proof for the second class of sequences is
provided in the Appendix.

III. PLANT ASSUMPTIONS AND SWITCHING

CONTROLLER STRUCTURE

A. Setup

Our objective is to control an unknown plant which we rep-
resent by the nonlinear system

(8a)

(8b)

where is a fixed (but unknown) initial condition,
is a fixed (but unknown) exogenous disturbance,

and is the control input.
It will be evident that the structure of a finite-dimensional

plant will not be essential. For example, an input-output plant
model along with suitably modified versions of the forthcoming
assumptions will also result in the desired stability properties
of the supervisory controller. We avoid such generality here in
favor of clarity of exposition.

The switching controller has the form

(9)

i.e., the controller switches among a finite set of static output
control laws, . This setup also encompasses
switching among dynamic output control laws (cf., the forth-
coming subsection on specialization to linear systems). We will
call a switching signal admissible
if it is piecewise constant with a minimum dwell time, .
That is for consecutive switching times ,

1Or the forecasted value � is asymptotically unused.

We assume that the closed-loop equations

are well posed, i.e., for any admissible switching signal, there
exists a unique solution over .

The following are the main assumptions on the plant and can-
didate control laws. Define a finitely switching control input as

(10)

for some .
Assumption 1: There exist continuous strictly increasing

functions and and constant
, such that for any finitely switching input (10) and any

,

Assumption 2: There exist a control law, , and positive
constants and , such that for any , there exists a

that satisfies the following condition. Let be as
in Assumption 1. For any finitely switching control input (10)
with ,

for all .
Assumption 1 provides an upper bound on the growth rate of

solutions over all finite histories and candidate controllers. As-
sumption 2 states that there is at least one controller that satisfies
a desired stabilization condition.

B. Specialization to Linear Systems

This section shows explicitly how Assumptions 1–2 can be
satisfied in the special case of linear systems. To this end, con-
sider the linear setup

(11a)

(11b)

(11c)

(11d)

The control input switches between linear static-output feed-
back controllers. The plant output has been augmented to in-
clude the control input. However, we assume that there is no
direct algebraic loop. That is, the control input can be rewritten
as

In the case of switching between dynamic output feedback
controllers, simple manipulations can convert the system into
the static output feedback form considered above. Consider a
dynamically controlled system
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where is the plant state, is the controller state, is an
output measurement, and are matrices associ-
ated with a fixed dynamic controller. By augmenting the state,
output, and control, we can rewrite this system as

In this form, switching between dynamic controllers means

switching the “static output feedback” matrix

which only depends on controller matrices. The only restriction
is that all dynamic controllers in this setup must be of the same
order.

We now show that under natural assumptions, the linear
system (11) will satisfy Assumptions 1–2.

Assumption 3: The switched linear system (11) satisfies:
• is a stability matrix for some

.
• The pair is observable.
Proposition 3: Under Assumption 3, the linear system (11)

satisfies Assumptions 1–2.
The proof of Proposition 3 relies on standard bounding argu-

ments and is presented in the appendix.

IV. SUPERVISORY ALGORITHM AND MAIN RESULTS

A. Falsification Based Supervisory Switching

For the sake of contrast, we begin with a switching algorithm
that is based on the notion controller falsification (as in [21]).
This algorithm does not employ calibrated forecasts. Rather, the
algorithm exploits Assumption 2 to sequentially test whether a
candidate controller satisfies a specified stability condition. In
case all controllers fail, the stability condition is relaxed and the
testing process is repeated. Assumption 2 assures that a con-
troller will emerge that does not fail the (sufficiently relaxed)
stability condition. Assumption 1 assures that all signals remain
bounded in the process.

In order to precisely define this and forthcoming supervisory
algorithms, let

— , denote the switching times, with
;

— denote the th interval; and
— denote the control law implemented over the th in-

terval, i.e.,

In terms of the preceding discussion, at time the supervi-
sory algorithm will determine 1) the duration of the next in-
terval and 2) which control law

to implement over .

After each interval, , the most recently implemented control
law, , is evaluated according to a binary reward:

otherwise,
(12)

where is as in Assumptions 1–2, is a fixed positive
scalar with , and is yet to be specified. This reward
reflects a stability condition that bounds the growth of the size
of the output over the interval relative to the size of the output
prior to the interval .

The following are fixed parameters of the supervisory algo-
rithms:

— the increment by which is increased;
— the increment by which is increased;
— a positive scalar with ;
— a positive scalar satisfying Assumptions 1–2;
— the length of the initial interval ; and

The following scalars will be updated with each interval, :
— the length of interval ; and
— the scalar offset used in the reward function (12).

Likewise, the following vector of dimension will be updated
with each interval, : , which is defined as follows:

— the lowest value of the realized reward (12) when
the th control law was implemented since the last increase
in interval lengths.

In the following description, we adopt the convention that any
-dependent variable is held constant, e.g.,

for the “generic” variable , unless specified otherwise.

Algorithm 1 (Falsification Based Switching)

• Initialization:
— Select , , , , , and (small) .
— Set , , , ,

, and .
— Select .

• Evaluation of Control Law : At time , set

otherwise.
(13)

• Parameter Update: At time , set
—
— If ,

— .
• Control Law Selection: Select any satisfying

• Loop: Update and repeat.

In terms of the falsification concept, whenever the reward
, the control law did not pass the assumed sta-

bility criterion test and hence has been falsified. If all control
laws fail the stability criterion test, then the test is made less
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stringent and the process is repeated. Eventually, a control law
will emerge that never fails the stability criterion test.

Proposition 4: Under Assumptions 1–2 on the plant model
(8), Algorithm 1 results in bounded, i.e., .

The proof of Proposition 4 is based on the following claim.
1) Claim 1: The parameters and are uniformly

bounded, i.e.,

Proof: Claim 1 The parameters and are in-
creased whenever the condition

(14)

holds. In other words, every control law in its most recent uti-
lization resulted in a reward of zero. However, by Assumption
2, there exists a , a positive constant , and at least
one control law, , which satisfies the condition

provided that . This implies that the condition
(14) cannot be satisfied infinitely often with and
increasing without bound.

Proof: (Proposition 4) Claim 1 implies that eventually (i.e.,
for all for some ), the bound on will satisfy
the condition

(15)

This condition implies the desired result.

B. Calibrated Forecast Based Supervisory Switching

We now introduce a supervisory switching algorithm based
on calibrated forecasts. This algorithm differs from the falsifi-
cation based algorithm in two important aspects:

• Quantitative assessment: Algorithm 1 uses a binary indi-
cator of whether or not a controller meets the desired sta-
bility criterion test (15). The algorithm does not distinguish
between gross failure or slight failure. The forthcoming
framework takes into account a quantitative assessment of
performance in the controller selection process.

• Falsification uncertainty: The setup for Algorithm 1 al-
lowed a control law to be falsified with certainty with a
single implementation. The forthcoming framework intro-
duces imperfect performance assessments, thereby elimi-
nating certain falsification.

Both of these issues will be addressed by evaluating an im-
plemented control law according to the non-binary reward

(16)

where the are a zero-mean finite-variance sequence. As-
sume for now that . In terms of the preceding discus-
sion, the binary reward in (12) is replaced by the ratio

This ratio is greater than if and only if

Accordingly, a controller passes the stability criterion test when-
ever the ratio is sufficiently large. Like the binary reward, a con-
troller can be falsified on the basis of this ratio. Unlike the bi-
nary reward, the ratio takes into account a quantitative measure
of performance.

Now suppose that the are non-zero. In this case, one can
no longer falsify a controller based on a single implementation.
The inclusion of is motivated by eliminating the possibility
of controller falsification. However, it does not necessarily cor-
respond to “measurement noise” on the measured output vari-
able, .

For clarity of exposition, we will first present a supervisory
switching algorithm for the special case of , followed
by the general case of .

1) Non-Binary Rewards With Perfect Assessment: The fol-
lowing are new variables to be employed in the calibration based
switching algorithm:

— the number of times the th control law has been
implemented up to and including interval ;

— a tracking forecast of the reward of the th con-
trol law; and

— calibration parameters, with and
satisfying Proposition 1.

Algorithm 2 (Calibrated Forecast Based Switching)

• Initialization:
— Select , , , , , , (small) ,

and (sufficiently small) .
— Set , , , ,

, , and .
— Select .

• Evaluation of Control Law : At time , set

(17)

• Parameter Update: At time , set
—
—

— , for all

— If , set .
— If ,
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— .
• Control Law Selection:

— With probability , select

— With probability , select

• Loop: Update and repeat.

The following distinctions between Algorithms 1 and 2 are
worth noting:

• Control law selection is based on a calibrated forecast of
the performance (reward) of a control law.

• There is probabilistic exploration through random selec-
tion of control laws, but with diminishing probability.

• Implemented control laws are not limited to controllers that
have yet to fail for current values of and . As
opposed to sequential implementation, a control law may
be implemented that fails the stability criterion but still
delivers the best performance.

Theorem 1: Under Assumptions 1 and 2 on the plant model
(8), Algorithm 2 results in bounded, i.e., , with prob-
ability 1, for sufficiently small calibration parameters and .

The remainder of this subsection is devoted to the proof of
Theorem 1.

— Bounded rewards:
The reward is bounded from above by zero. Because of
the update rule for , Claim 1 still holds. Therefore,
the reward sequence is bounded from below as well via
Assumption 1.

— Calibrated forecasts:
Since the rewards are bounded, is a calibrated
forecast for the performance of the th feedback law
for all (via Proposition 2.)

— Feasible controller:
Claim 2 For some

Proof: Following Claim 1, condition (14) will be satisfied
only a finite number of times. According to the update rule of

in Algorithm 2, this means that for some , the component
for all but a finite number of . Stated differ-

ently, for sufficiently large , if then .
Finally, the randomization in the control law selection step as-
sures that every control law is implemented infinitely often. In
particular, for all but a finite number of when
implementing control law , which implies the desired re-
sult.

Note that the control law index in Claim 2 need not be the
stabilizing control law index in Assumption 2. Because of
the effects of initial conditions and exogenous disturbances, a
stabilizing control law need not ‘‘reveal itself’’.

— Overall average reward:
Claim 3: For any ,

for sufficiently small calibration parameters and .
Proof: It will be useful to distinguish the intervals in which

the controller selection was based on a random selection or on
its forecasted performance. We will refer to the former as ‘‘ex-
ploration’’ and the latter as ‘‘exploitation’’.

We will present the proof for the simpler case of in
detail. The general case follows from similar arguments.

For , assume that control law satisfies the con-
dition of Claim 2, i.e.,

(18)

Let be a succession of switching intervals. We
will divide these intervals into different categories:

These sets represent using the ‘‘good’’ control law, the ‘‘bad’’
control law under exploitation, or the bad control law under ex-
ploration.

We can average the rewards over these intervals using

(19)

By definition of ,

Likewise, with probability one,

because exploration occurs with vanishing probability.
It remains to analyze

Whenever , the reward forecasted for control law
exceeded the reward forecasted for control law . From
(18),

Accordingly, for sufficiently large ,

In terms of an indicator function, there exists an and such
that for sufficiently large ,
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where . This means we can rewrite

We are now in a position to take advantage of the calibration
property. The calibration (1)–(2) together imply that

Combining the lower bounds for the categories of , , and
, we can lower bound the above overall average reward (19)

by

Both and are calibration parameters that can be chosen to be
sufficiently small, which proves the desired result.

The proof is similar in the general case of . Again, let
us suppose that the control law satisfies the conditions of
Claim 2. The only modification is to subdivide the sets and

according to control laws .
— Bounded output:

The overall average reward property can be rewritten
as

Introduce the shorthand notation

Then using the definition of the reward,

The input/output stability of this system, and accord-
ingly the boundedness of , is determined by the
products for large In particular if these
terms satisfy

(20)

then the will be bounded. Since , we can
use the arithmetic/geometric mean inequality,

to bound the product terms. Therefore, for sufficiently
large ,

which implies that

As long as , the dynamics describing
the evolution of the will be input/output stable
(cf., (20)). These dynamics are driven by the sequence

, which is uniformly bounded. Therefore,

is uniformly bounded for all
.

2) Non-Binary Rewards With Imperfect Assessment: In this
part, we address the case when performance assessment is cor-
rupted by independent zero-mean finite variance (possibly un-
bounded) sequence .

As previously discussed, in this setup a single measurement
does not provide sufficient information on whether a given con-
troller satisfies the desired stabilization condition. Therefore it
is not possible to rule out or falsify a controller based on any
single measurement. However, a calibrated forecast provides a
measure of the consistency of satisfying the stabilization condi-
tion.

We argue that simple changes to the supervisor’s algorithm
can provide the same performance guarantees on the output as
these in the perfect measurements case. To that end, consider
the following changes to Algorithm 2:

• Evaluation of Control Law : At time , set

• Parameter Update: At time , set
— , for all

— If , set .
— If , set . Moreover, if

, set

.
The remaining parts of the algorithm are unchanged. For this
setup, the tracking forecast defined in (7) will be used to track
each controller’s performance.

Theorem 2: Under Assumptions 1 and 2 on the plant model
(8), the above modifications to Algorithm 2 results in bounded,
i.e., , with probability 1, for sufficiently small calibra-
tion parameters and and with .

The proof of Theorem 2 is analogous to the proof of The-
orem 1 in the preceding subsection. The changes in the algo-
rithm, along with the ensured calibration, guarantee that Claim
1 holds. The remaining parts of the proof parallel the ones in
the preceding subsection. Though, it is important to note that in
order to include the effects of imperfect rewards, we make use
of the following:
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Fig. 1. Non-Binary Rewards: Perfect Assessment—Switching Signal, output,
and average reward for the example considered with adversarial disturbance and
model mismatch.

where is arbitrarily small. Moreover, arguments similar
to those for Claim 3 assure that for any ,

Therefore, it follows that

The remaining steps in the proof are identical to those in the
preceding subsection.

V. ILLUSTRATIVE SIMULATIONS

In this section, we provide an illustrative numerical example.
We shall consider the unstable nonminimum phase system

which has the state space representation

The set of candidate controllers is composed of three dynamic
output feedback controllers. The dynamics of the controllers are
given by

where , , and .
The controller with is the only stabilizing controller. The
simulations incorporate model mismatch in the form of two high
frequency poles at . The transfer function of the re-
sulting system is

Moreover, an adversarial disturbance is constructed in the fol-
lowing manner:

otherwise,

where is the saturation function. In words, the disturbance
cancels the control action of the stabilizing controller whenever
it is used. However, this cancelation is saturated so that the dis-
turbance is bounded.

Case 1: Non-Binary Rewards with Perfect Assessment
This case uses the non-binary reward case with perfect
assessment presented in Section IV-BI. The simulations
were carried out for the system with disturbance and model
mismatch as presented above. The simulation results are
shown in Fig. 1.
Case 2: Non-Binary Rewards with Imperfect Assess-
ment This case uses the non-binary reward case with noisy
measurements presented in Section IV-B2. The simula-
tions were carried out for the system with disturbance and
model mismatch as presented above. The assessment error
was generated using a zero-mean Gaussian distribution
with a variance equal to 4. The simulation results are shown
in Fig. 2.

The algorithm parameters that were used are as follows.
, , , , ,

, , . For Case 4,
was used. The (unknown) initial condition of the system is

. The exploration probability in
the algorithm was set to , where is the stage
index.

VI. CONCLUSION

We have introduced a calibrated forecasts approach to
switching supervisory control. We showed that using a cali-
brated forecast strategy along with the proposed supervisor
has minimal informational and structural assumptions on the
unknown plant while guaranteeing that the output of the system
will remain bounded in the presence of bounded disturbances
— even if the disturbances are adversarial. The results clearly
indicate the potential for use of online algorithms in switching
control and opens the possibility of applying other online
learning algorithms to adaptive control.

Authorized licensed use limited to: IEEE Xplore. Downloaded on April 13, 2009 at 15:16 from IEEE Xplore.  Restrictions apply.



714 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 54, NO. 4, APRIL 2009

Fig. 2. Non-Binary Rewards: Imperfect Assessment—Switching Signal,
output, and average reward for the example considered with adversarial
disturbance and model mismatch.

It is worthwhile noting that the stability criterion employed
in the paper does reflect performance in terms of disturbance
rejection. For example, the values of and could distinguish
two stabilizing controllers in that a superior controller will sat-
isfy the stability condition in Assumption 2 “sooner”, i.e., for
smaller values of and ) than an inferior controller.

The main assumption on the system is the existence of a sta-
bilizing controller within the set of candidate controllers. The
stability results do not require knowledge of certain system pa-
rameters or signal bounds or the use of external inputs or ex-
citation for identification purposes. Moreover, the setup avoids
going through a prerouted search of the action space. Rather,
the algorithm reinforces positive learned behavior by selecting
the control laws with the highest forecasted reward. For con-
trast, we also presented a simpler falsification based algorithm
that searches through controllers in an attempt to discover a fea-
sible controller. However, this approach ignores the accumu-
lated information on control law performance. Furthermore, this
approach would not work in the presence of imperfect reward
measurements because a controller can never be “falsified” for
a fixed and by a single measurement. However, cal-
ibrated forecasts-based switching still can be used in the imper-
fect reward scenario.

The present algorithm does not use estimation of the behavior
of control laws are not in the loop. Hence, our supervisor up-
dates its forecast of control law performance one at a time. We
conjecture that incorporating assessments of non-implemented
control laws, as in unfalsified control [21], could help to fur-
ther improve transient responses in the present approach. One
caveat is that the estimate of non-implemented control law per-
formance may be conservative or pessimistic, and this could ad-
versely affect transient behavior. Finally, another interesting ex-
tension would be to examine the case of slowly drifting param-
eters in the plant.

APPENDIX

PROOF OF PROPOSITION 2 (STATEMENT 2)

Recall the tracking forecast defined in (7)

where for some . Note that
the tracking forecast uses the noisy outcome sequence

. Furthermore, standard results from stochastic approxima-

tion (e.g., [3]) assure that the sequence

is uniformly bounded, almost surely for . Specifically,
, , and have

finite variance.2

Now recall the calibration error (5) with respect to the pair
as

where .
We will show that for any , the calibration error for the

above tracking forecast with and sufficiently small
satisfies

for all noisy outcome sequences, ,

and , almost surely.
The proof is a modification of the arguments in [18] for cali-

bration of binary sequence. We will need some standard results
from stochastic approximation [3] for the proof of Proposition 2.
In particular, we will say that a sequence , ,
satisfies the Kushner-Clark condition if for all real ,

For any and , define

where the expectation is taken over . The
dependence of on and is dropped for ease of notation.
It is straightforward to verify that is Lipschitz continuous.

We can rewrite the calibration error in recursive form as

2See [3] for background on these conditions and the connection to the
Kushner-Clarke conditions to be defined in the appendix.
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Alternatively

where

It can be verified using arguments from [18, Section 3.4.3], that
the terms satisfy the Kushner-Clark conditions. Since the

terms are zero-mean finite-variance and independent from
, the satisfy the Kushner-Clark conditions. Further-

more, the are zero-mean and uniformly bounded (almost
surely), and hence also satisfy the Kushner-Clark conditions.
The implication is that the , , and terms have zero
long term effects on the value of , almost surely. This
is because the resulting ODE of stochastic approximation is

which is globally Lipschitz and globally asymptotically stable.
Finally, we see that the long term effect of can be made
arbitrarily small through which bounds the magnitude of .

Proof of Proposition 3: Since the pair is observable,
it is possible to build a state observer of the form

The initial conditions are deliberately set to zero. Note that this
construction is not required for the switching algorithm. Rather,
it is only a device for the proof of Proposition 3. The observer
gain is such that is a stability matrix. In particular,
for some

For any , we can bound the size of the observer state,
, by

Likewise, we can bound the size of the state estimation error,
, by

Combining these two inequalities results in

(21)

Let be a finitely switching control input as in (10). Let
denote the time of the last switch, and let be the final

gain matrix. There exist positive constants and such

that for any , i) and ii)

. From these bounds, for any ,

(22)

Substituting (21) evaluated at into (22) and applying
standard bounding arguments establishes Assumption 1.

The restriction on is that it satisfies . The observ-
ability assumptions implies that the analysis can be carried out
with any by appropriately constructing . Accordingly, can
be arbitrarily chosen.

To show Assumption 2, let us assume that is a
stability matrix satisfying

(23)

for some strictly positive constants and . As in (22), we
can bound the output magnitude (but this time using (23)) by

Likewise,

Assuming that , the above inequality results in

(24)

Moreover,

Combining the above inequality with (24), substituting (21)
evaluated at , and applying standard bounding arguments
leads to the desired result for sufficiently large .
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